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Abstract

Central clearing counterparties (CCPs) were established to mitigate default losses resulting
from counterparty risk in derivatives markets. In a parsimonious model, we show that clear-
ing benefits are distributed unevenly across market participants. Loss sharing rules determine
who wins or loses from clearing. Current rules disproportionately benefit market participants
with flat portfolios. Instead, those with directional portfolios are relatively worse off, consis-
tent with their reluctance to voluntarily use central clearing. Alternative loss sharing rules can
address cross-sectional disparities in clearing benefits. However, we show that CCPs may fa-
vor current rules to maximize fee income, with externalities on clearing participation.
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1 Introduction

Whether we choose to bolster the tools for CCP resilience, CCP recovery or CCP resolution, we
will need to be aware of potential trade-offs in the way losses are allocated, and remember that

there may be no ideal approach.

Default losses occur when counterparties fail to fulfill their obligations, e.g., when they default.
Counterparty risk, which refers to the risk of default losses, is one of the most important risks in
over-the-counter (OTC) derivatives markets and has been identified as a significant factor in the
2007-08 financial crisis. To mitigate this risk, regulators worldwide have advocated for the central
clearing of OTC derivative transactions through central clearing counterparties, known as CCPs
(G20, 2009).2 The main tasks of CCPs are to reduce the total amount of default losses through
netting and margin requirements and to allocate the remaining losses to non-defaulted clearing
members through loss sharing. Thus, loss sharing rules determine how the potential benefits
of central clearing for counterparty risk are divided among clearing members. As a result, loss
sharing rules may impact clearing participation, with important consequences for risk sharing.
Motivated by the importance of counterparty risk and central clearing for financial stability, this
paper provides an in-depth examination of the impact of loss sharing rules on counterparty risk
in markets with heterogeneous market participants.

We investigate the role of loss sharing rules from the perspective of counterparty risk, which is
measured by expected default losses. Default losses have significant economic implications. For
instance, in September 2018, the default of a single trader at the Swedish clearinghouse Nasdag

Clearing AB resulted in EUR 107 million to be shared among surviving clearing members (Faruqui

IRemarks by Benoit Cceuré, then member of the Executive Board of the European Central Bank, at the Federal
Reserve Bank of Chicago 2015 Symposium on Central Clearing. Available at https://www.ecb.europa.eu/press/key/
date/2015/html/sp150411.en.html.

20TC derivatives markets are very large, with a worldwide gross market value outstanding of $18 trillion in 2017
(source: BIS OTC derivatives statistics 2022:H1). Before the 2007-08 financial crisis, the derivatives market architecture
was dominated by bilateral trades (FSB, 2017). The G20 initiative in 2009 was followed by the Dodd-Frank Wall Street
Reform and Consumer Protection Act (DFA) in 2010 and the European Market Infrastructure Regulation (EMIR) in
2012, with the mandatory central clearing of certain OTC derivatives as a key element. More recently, a central clearing
mandate has also been suggested for other asset classes, such as US treasuries (Duffie, 2020; Fleming and Keane, 2021).


https://www.ecb.europa.eu/press/key/date/2015/html/sp150411.en.html
https://www.ecb.europa.eu/press/key/date/2015/html/sp150411.en.html

et al., 2018). More generally, counterparty risk is an important determinant of clearing participa-
tion (FSB, 2018; Bellia et al., 2023; Vuillemey, 2020) and affects derivatives prices (Boissel et al.,
2017; Cenedese et al., 2020). Using a parsimonious model, we compare both the aggregate and
entity-specific counterparty risk between a market with central clearing and an uncleared market.
Importantly, we focus on environments with heterogeneous market participants. For example, in
core-periphery networks some entities (akin to dealers in practice) trade with many counterpar-
ties while maintaining flat portfolios, whereas other entities (akin to end-users in practice) exhibit
a directional portfolio with a small number of counterparties. Our results shed light on dispar-
ities in clearing benefits between such market participants. We provide comparative statics for
the impact of changes in the characteristics of the market, derivatives contracts, portfolios, and
margin costs as well as in the loss sharing rule on clearing benefits. Finally, we endogenize the
loss sharing rule in a model with a profit-maximizing CCP.

There are four main insights. First, the net-to-gross ratio, which represents portfolio direction-
ality, is the key determinant of clearing benefits, both in aggregate as well as for individual entities.
Second, the current market practice of proportionally sharing a CCP’s default losses based entirely
on net portfolio risk favors entities with a less directional portfolio, resulting in greater clearing
benefits for them. At the same time, entities with more directional portfolios are worse off and
may even increase their counterparty risk compared to an uncleared market. Third, an alterna-
tive loss sharing rule, which is based on a weighted average of both net and gross portfolio risk,
balances clearing benefits across different market participants, ensuring that all entities benefit
equally from clearing. Finally, even though this alternative loss sharing rule mitigates disincen-
tives to use central clearing, it does not necessarily maximize the profit a CCP can generate from
fees. Instead, we demonstrate that a CCP might prefer to attract only entities with a flat portfolio
because these exhibit a higher willingness to pay for clearing.

Despite the increasing importance of central clearing in derivatives markets, with a gross mar-

ket value of $8.2 trillion in interest rate and $104 billion in foreign exchange contract positions at



CCPs (source: BIS OTC derivatives statistics 2022:H1), research on loss sharing in clearinghouses is
still scarce. We extend the existing literature by investigating heterogeneity in clearing benefits
among market participants and the role of loss sharing rules. Our results have significant impli-
cations for policymakers. First, heterogeneity in expected default losses is crucial from a financial
stability perspective because assigning default losses to systemically important entities can lead to
amplification of initial losses. Second, loss sharing rules influence the incentives of market partici-
pants to use central clearing, with significant consequences for risk sharing in derivatives markets.
Third, due to their impact on default losses, loss sharing rules may affect derivative prices, with a
potential feedback effect on hedging costs for the real economy. Lastly, as clearing regulation con-
tinues to be refined, it is essential to understand the incentives of agents in the political process.

We commence our analysis by extending Duffie and Zhu (2011)’s model of counterparty risk
exposure to incorporate heterogeneity in market participants’ derivative portfolios. Counterparty
risk exposures reflect the expected default losses in case all counterparties default. Hence, it serves
as a measure for netting efficiency. Our results demonstrate that portfolio directionality, given by
the net-to-gross ratio, is the primary driver of clearing benefits. The smaller the directionality,
the larger is the scope for netting through the CCP (so-called multilateral netting) and, thus, the
more beneficial is central clearing. Instead, entities with a sufficiently directional portfolio do
not experience a reduction in counterparty risk exposure through central clearing: in exchange
for fewer bilateral netting benefits (across derivative classes with individual counterparties) they
receive limited multilateral netting benefits.

This intuition carries over to the impact of central clearing on expected aggregate default
losses. Moreover, margin requirements are important. The stricter the margin requirement for
cleared relative to uncleared positions, the greater the reduction in expected default losses through
central clearing. We show that central clearing reduces expected aggregate default losses only
when either it is accompanied by a stricter margin requirement or at least one market participant

has multilateral netting opportunities.



We then shift our focus to individual market participants. This is where the loss sharing rule
becomes relevant as it determines the allocation of the CCP’s default losses that remain after mul-
tilateral netting and the use of a defaulted entity’s collateral. We begin by considering loss sharing
proportional to net portfolio risk, which closely aligns with current market practice. In this case,
entities with lower portfolio directionality benefit more from central clearing. We conduct com-
parative statics and analyze the impact of central clearing on expected default losses in markets
with homogeneous market participants as well as in core-periphery networks. Specifically, we
demonstrate that central clearing can be beneficial in aggregate and for entities with a flat portfolio
(“core entities”) but, at the same time, harmful for entities with a directional portfolio (“peripheral
entities”).

These results are consistent with the reluctance of end-users to participate in loss sharing in
practice. End-users largely either do not use central clearing (if it is not mandatory) or minimize
their exposure to loss sharing by using client clearing.?> Based on anecdotal evidence from the
industry and regulators, an important driver of this reluctance is loss sharing. In fact, end-users
emphasize that they bear disproportionately large costs of loss sharing (Novick et al., 2018), which
is consistent with our model. Our results provide an explanation for the reluctance of end-users
to use loss sharing and central clearing by showing that market participants with a directional
portfolio, such as end-users, benefit the least from or might even be hurt by loss sharing rules
used in practice. While there are also other determinants of end-users’ clearing decision (such
as fixed costs to satisfy membership requirements), our analysis reveals one important determi-
nant of clearing costs and participation, which is important for understanding both dynamics in
derivatives markets and the potential costs of clearing mandates.

Loss sharing rules are neither mandated by regulation to be entirely net-based nor is an entirely

net-based loss sharing rule necessarily optimal. We investigate the design of the loss sharing rule

3CCP membership requirements do not generally prohibit end-users from becoming clearing members. Instead,
regulation requires non-discriminatory access to clearing. Nonetheless, only very few financial institutions other than
banks and broker-dealers (e.g., insurers, investment or pension funds, or non-financial companies) are clearing mem-
bers (BIS, 2018).



and consider loss sharing, more generally, to be proportional to a weighted average of net and
gross portfolio risk. Gross portfolio risk reflects a market participant’s total transaction volume
and, for this reason, has been highlighted as an important dimension to take into account when
allocating default losses (Cont, 2015).* We show that the impact of increasing the weight of gross
relative to net risk in the loss sharing rule depends on entities” portfolio directionality. Whereas a
larger weight of gross risk increases the clearing benefit for entities with directional portfolios, it
reduces that for entities with flat portfolios. Thus, initial disparities in clearing benefits between
market participants shrink. We show that in core-periphery networks there exists a unique weight
of gross risk such that the associated loss sharing rule exactly balances clearing benefits between
core and peripheral entities.

Importantly, changes in the loss sharing rule do not affect the aggregate clearing benefit, which
is determined by netting and margin requirements, but only impact the distribution of remaining
default losses among clearing members. Thus, our analysis illustrates and distinguishes three
roles of multilateral netting. First, multilateral netting reduces exposure fo the CCP and, thereby
margin requirements. Second, it reduces overall default risk and, thus, determines the benefit of
central clearing for aggregate default losses. Third, netting may impact how clearing benefits are
split among individual clearing members, depending on the loss sharing rule.

Our results show that taking gross risk into account can remove differences in clearing bene-
tits between different entities and, thereby, maximize clearing participation. Why are loss sharing
rules, instead, based entirely on net risk in practice? We highlight the market power of for-profit
CCPs as one potential explanation. Post-crisis financial regulation requires loss sharing but does
not prescribe a specific loss sharing rule, which, instead, is chosen by the CCP. At the same time,
the market for central clearing is highly concentrated and dominated by few for-profit clearing-

houses.”> Motivated by this observation, the CCP in our model maximizes its total fee income by

4Rules based on gross risk are not uncommon. For example, the Basel III leverage ratio is based on derivatives’
gross notional amount (see https://www.bis.org/publ/bcbs270.htm).

5For instance, in the USD and EUR interest rate and credit risk derivatives markets, four clearinghouses (LCH,
CME, Eurex, and ICE) account for nearly 100% of cleared transactions, and all of them are for-profit organizations.
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setting both the loss sharing rule and fees. Fees are volume-based, whereas loss sharing rules
discriminate depending on clearing members’ portfolio risk, consistent with market practice and
regulation. Central clearing is voluntary in the model and, thus, the optimal clearing rule must be
consistent with clearing members’ incentives to use central clearing in the sense that the fee does
not exceed the benefit of central clearing.

Two possible optimal clearing rules emerge. Either the CCP maximizes clearing participation
by attracting all entities in the market or it maximizes clearing members” willingness to pay by
attracting only entities with a flat portfolio. In the first case, the optimal loss sharing rule offers
the same clearing benefit to all entities by taking gross risk into account. In the second case and
using a refinement based on small perturbations in clearing participation, the optimal loss sharing
rule is proportional to net risk because it maximizes the willingness to pay for central clearing of
entities with a flat portfolio and, thus, enables the CCP to request a larger fee. We show that the
CCP prefers this second rule, curtailing clearing participation, if overall central clearing benefits
are relatively small, e.g., if there are few opportunities for multilateral netting through the CCP.
In this case, it is optimal for the CCP to not attract peripheral entities in order to be able to charge
a larger fee from remaining clearing members. Hence, our analysis reveals the incentives for the
CCP to use net-based loss sharing rules to maximize fee income from entities with a flat portfolio.

In addition, other considerations may shape the choice of loss sharing rules. On one hand,
net-based loss sharing rewards low portfolio directionality and, thereby, may incentivize market
participants to reduce directional risk and provide liquidity. On the other hand, penalizing port-
folio directionality implies an increase in hedging costs for end-users. Trading off these effects
provides an important avenue for future research.

Regulators aim to enlarge clearing participation (G20, 2009; FSB, 2018). Broad adoption of
central clearing may be desirable to boost risk sharing and transparency in derivatives markets
(Acharya and Bisin, 2014), and mitigate information frictions (Vuillemey, 2020) and counterparty

risk (Bernstein et al., 2019). Our analysis suggests that CCPs” incentives may not fully align with



this goal. Instead, it may be optimal for a CCP to not maximize clearing participation in order
to extract larger fees from dealers. Therefore, an important avenue for future research is to in-
vestigate the implications of loss sharing rule choice on social welfare and the extent to which
regulatory policies can mitigate potential externalities.

In an extension of our model, we show that our baseline results are robust to including a small
cost of collateral. In this case, the beneficial effect of collateral on default losses dominates. In
contrast, if collateral is sufficiently costly, a larger margin requirement for cleared positions reduces
clearing benefits.

Our analysis focuses on the risk of default losses and, therefore, does not incorporate other
potential benefits or costs of central clearing, such as its impact on capital requirements, market
transparency, or market liquidity. Throughout the paper, we consider expected default losses as
a function of positions, which we treat as exogenous. We note that our results have potentially
important implications for derivatives trading behavior, which suggests an interesting avenue of
future research beyond the scope this paper. We discuss these implications and related equilibrium

trade-offs and policy implications.

2 Literature Review

We contribute to a growing literature on central clearing and its role in derivatives markets. Pre-
vious studies have examined loss sharing and its interaction with CCP collateral and fee policies
(Capponi et al., 2017; Capponi and Cheng, 2018; Huang, 2019) and with risk management incen-
tives (Biais et al., 2012, 2016; Antinolfi et al., 2022; Wang et al., 2022).6 In Kuong and Maurin
(2022)’s model, the tension between loss sharing and risk management incentives motivates the
CCP’s ownership structure and default waterfall design. Wang et al. (2022) show that pre-funded

default fund contributions are economically more efficient to align risk management incentives

6Huang and Zhu (2021) examine the design of default auctions. Menkveld (2017) and Huang et al. (2020) take a
CCP’s perspective and identify extreme price movements as well as portfolio concentration as important risks to CCP
stability. Menkveld and Vuillemey (2021) provide an overview of the literature on central clearing.



than initial margins if covering losses ex-post is costly. In these models, market participants typ-
ically trade one contract and differ only in the direction of trade, i.e., whether they are sellers or
buyers. We complement previous studies by focusing on heterogeneity in market participants’
portfolio directionality. Thus, market participants may trade (partly) offsetting contracts, such as
dealers in practice (Getmansky et al., 2016). We are, to the best of our knowledge, the first to in-
vestigate the distributional effects of loss sharing on market participants with different portfolio
directionality. Moreover, we complement the previous literature by investigating the role of dif-
ferent loss sharing rules and a profit-maximizing CCP’s incentives when choosing the loss sharing
rule.

Duffie and Zhu (2011), Cont and Kokholm (2014), and Lewandowska (2015) study the impact
of multilateral versus bilateral netting on counterparty risk exposure. Their main result is that
a sufficiently large number of clearing members guarantees that central clearing reduces coun-
terparty risk. Ghamami and Glasserman (2017) study the capital and collateral costs of central
clearing and conclude that margin costs likely dominate potential clearing benefits in practice.
Their result is contrasted by the FSB (2018)’s assessment that central clearing reforms create an
overall incentive to clear.

Our framework builds on the model of Duffie and Zhu (2011) and considers mainly two im-
portant extensions. First, whereas Duffie and Zhu (2011) take an ex-ante perspective from which
derivatives positions are random, we consider loss sharing as a function of a (fixed) set of deriva-
tives portfolios. This allows us to explicitly distinguish between entities with different portfolios.
We show that it is not a large number of counterparties per se but, instead, a low portfolio direc-
tionality that creates clearing benefits (which is more likely to realize when entities trade randomly
with more counterparties in Duffie and Zhu (2011)’s model). Second, whereas Duffie and Zhu
(2011) focus on the case that all counterparties—including the CCP—default, we more generally
allow any number of market participants to default. Thus, a given entity is exposed to the risk of

loss sharing contributions even when clearing members which are not the entity’s counterparties



default. We show that this is important to take into account in order to reveal the role of loss
sharing and loss sharing rules.

Empirical evidence on the impact of central clearing on derivative markets has been growing
only recently, fueled by the increasing availability of granular data. Recent examples are Loon
and Zhong (2014), Duffie et al. (2015), Bellia et al. (2023), and Du et al. (2022) for single-name
CDS, Menkveld et al. (2015) for equity, Mancini et al. (2016) and Boissel et al. (2017) for interbank
repo, and Cenedese et al. (2020) and Dalla Fontana et al. (2019) for IRS markets. The results by
Bellia et al. (2023) show that contracts with risky counterparties and large netting benefits are
more likely to be cleared than uncleared, suggesting that counterparty risk and netting are indeed
highly relevant for clearing participation. This result is consistent with the historical evidence
documented by Vuillemey (2020), who shows that the global coffee crisis in 1880-81 motivated a

group of coffee traders to create a CCP specifically to mitigate counterparty risk.

3 Model

In this section, we describe our model. Default losses result from replacement costs, which are
changes in contract values during the settlement period, i.e., the time until liquidation or set-
tlement after a counterparty’s default (see Figure 1).” Without loss of generality, we consider a
one-period model. At time t = 0, derivative contracts are written (or, equivalently, contracts are
marked to market by the exchange of variation margin) and, subsequently, counterparties might

default. At time ¢ = 1, contracts are settled.
[Place Figure 1 about here]

Derivative positions are sorted into K > 2 derivative classes. This classification can result for

different reasons, for example from grouping derivatives by contract type or underlying, such as

"The length of the settlement period depends on the liquidity of contracts and typically ranges from 2 to 5 days
(Arnsdorf, 2012). For example, initial margins for OTC foreign exchange and IRS trades is based on a 5-day settlement
period at CME (see their CPMI-IOSCO Quantitative Disclosures for 2019Q3).



interest rate, credit, commodities, or equities.

There are N > 3 market participants (or, equivalently, entities), indexed i = 1, ..., N, which
trade in all derivative classes K. The binary random variable D; indicates the event that entity
i defaults (D; = 1) or survives (D; = 0). The probability of default is equal to P(D; = 1) =
7 € (0,1). Defaults are mutually independent. A defaulted entity does not honor any obligations
arising from derivative contracts to its counterparties (including the CCP). However, liabilities
from surviving entities (or the CCP) toward a defaulted entity must be paid.

We denote by v;; € R the position of entity i with j in class k.* We allow positions to differ
across counterparties but not across derivative classes.’

The absolute size |v;| is the trade volume and sign (v;;) the direction. By symmetry, v;; = —vj;,
and it is v;; = 0. We define by N; = {j : v # 0} the set and by N; = || the number of
i’s counterparties. By definition, v;; = 0 if j ¢ N;. Each entity trades at least with one other
counterparty, N; > 0.

During the settlement period, entity i’s net profit with j in derivative class k is given by Xlk] =
vi]-rk, where 7* is the return in class-k during the settlement period. ¥ is the same for all entities,
i.e., all entities trade the same class-k contract (or portfolio). Thus, profits across entities within
each derivative class only differ by positions v;;."°

Contract returns are normally distributed with zero mean, E[r] = 0. Symmetry substantially

reduces the dimension of our model and improves its tractability.!! We consider a single-factor

8We treat positions as exogenous and focus on the impact of central clearing on default losses as a function of
positions. We note that our results have implications for trading behavior, which suggests an interesting avenue of
future research beyond the scope this paper.

9The assumption that networks are similar across derivative classes is broadly consistent with empirical evidence.
For example, Abad et al. (2016) document that the network of gross notional links between counterparties in the Eu-
ropean interest rate swap market resembles those of the European CDS and foreign exchange derivatives markets.
Nonetheless, the specific positions of single entities may differ in practice across derivative classes. It is possible to
extent our model to incorporate such heterogeneity in networks across positions, however, we do not expect that it
would qualitatively affect our results.

01 o previous version of the paper, we have additionally considered risk that is idiosyncratic to entities, which
does not qualitatively affect the results.

Duye to the small time horizon of the settlement period, the risk-free rate and risk premium are negligible. Indi-
vidual contracts may exhibit skewed and fat-tailed distributions. However, the assumption of normally distributed
returns may be appropriate for diversified portfolios. It allows us to work with closed-form analytical solutions and

10



model for contract returns:
K = BM + o€, (1)

e~ N (0,1) is idiosyncratic risk, i.e., for k # m, ¢k and ¢" are independently distributed, and ek
and M are independently distributed for all k. The systematic risk factor M ~ N(0,0%,) serves
as a latent variable that reflects macroeconomic conditions (e.g., the S&P 500 stock market index),
and p is the systematic risk exposure of derivative contracts. For simplicity and tractability, we

assume identical distributional properties across entities and derivative classes.

Remark 1 (Difference to Duffie and Zhu, 2011). Equation (1) implies that contract returns are correlated
across entities within derivative classes, e.g., because all entities trade the same contract (portfolio). This
nonzero correlation is an important difference to the model of Duffie and Zhu (2011), in which they assume

uncorrelated contract returns, namely that cor(X~, XX} = 0 for {i,j} # {m,n}. The reason is a differ-

ij’
ence in perspectives. Duffie and Zhu (2011) consider positions to be unknown and, thus, cor(Xf-‘j, Xk =0
reflects that positions of entity pairs (i, j) and (m, n) are independently distributed. Instead, we consider

deterministic positions v;; to reveal how differences in positions affect the impact of central clearing.

Market participants exchange collateral (i.e., initial margin) with each other and with the CCP.
We assume that collateral is based on portfolio risk but not on default risk, which improves the
model’s tractability, is consistent with common market practice, and does not qualitatively af-
fect heterogeneity in clearing benefits across market participants because we assume that market
participants exhibit the same default risk.!?

For uncleared positions, we parametrize the collateral posted by i to j as a Value-at-Risk of i’s

we do not expect that it affects the main results qualitatively.

12 According to practitioners, because of due diligence by CCPs (e.g., reflected in membership requirements) and
counterparties, it is typically not considered necessary to link collateral requirements to default risk. Nonetheless, it
would be straightforward to model a collateral level a that varies with default risk, e.g., by defining « = a* 4 g(m)
with a baseline confidence level #* and an increasing function g(7r) such that & € [0.5,1). We do not expect that this
alternative modeling of « would qualitatively change the key insights from our analysis. Most importantly, it would
not qualitatively change the results on cross-sectional differences in clearing benefits because all entities are assumed
to have the same probability of default.

11



bilateral portfolio profit, namely CZ.I]<, = VaR,,, (Zszl XZ), where a,, € [0.5,1) is the confidence
level.® w,. = 0.5 corresponds to an environment without collateral. The larger a,., the more
protected is j against a default of i. Analogously, the collateral posted by i to the CCP is given by
the Value-at-Risk of i’s portfolio profit with the CCP, namely CS“F = VaR, ., (Zj]\il X{;) , where

accp € [0.5,1) is the confidence level.

4 Counterparty Risk Exposure

We start our analysis by investigating netting efficiency through the lens of counterparty risk
exposure before collateral (i.e., with accp = ay = 0.5) in the spirit of Duffie and Zhu (2011),
which reflects expected default losses conditional on the default of counterparties and the CCP.

We first define portfolio directionality:

Definition 1. The gross position of entity i in a given derivative class k is given by

Gl' = Z ‘Ui]" . (2)
jeN;
The net-to-gross-ratio, defined by
‘ZjeNi vij
1

is a measure for the directionality of entity i’s portfolio. 1; corresponds to the average net position per
$1 traded, and ranges from zero (flat) to one (directional). Both gross position and net-to-gross ratio are

independent of trading direction, i.e., whether a portfolio is net long or short.

The following lemma decomposes portfolio risk into an entity’s gross position, directionality,

and contract volatility.

13Using a Value-at-Risk approach is common industry practice (ISDA, 2013) and consistent with regulation (BIS,
2019). For example, CME sets initial margins at the 99% VaR for futures and options and at the 99.7% VaR for interest
rate swaps (see CME’s CPMI-IOSCO Quantitative Disclosures 2019Q3).

12



Lemma 1 (Portfolio risk). The standard deviation of entity i’s portfolio in a given derivative class is given

by

0; :GZ‘T]M / 520'12\4 + 2. 4)

First, we consider an uncleared market. We assume that all entity pairs have bilateral (close-
out) netting agreements with each other. Netting agreements aggregate outstanding positions into
one single claim (Bergman et al., 2004) and are common market practice (Mengle, 2010). Bilateral
netting offsets gains and losses of different derivative trades across different derivative classes
(e.g., IRS and CDS) with a single counterparty. Thus, a counterparty j’s default results in default
losses for entity i only if i makes a net profit. If all derivative classes are uncleared, then the total

counterparty risk exposure of entity i is given by

= ¢(0)Gif(K), )

E|Ef| = E Lgf max (lé X, o)

where f(K) = /B?03,K? 4 72K.

Second, we introduce central clearing. Following Duffie and Zhu (2011), we examine the case
that one derivative class is centrally cleared while others remain uncleared. This enables netting
across counterparties in the cleared derivative class, i.e., multilateral netting. As a result, exposure
to the CCP in derivative class K is determined by the net portfolio profit across counterparties:

E 5] = = 1ip(0)Gif (1). (6)

max < 2 XZ-I]<-, O)

jeN;

We examine the impact of centrally clearing derivative class K on entity i’s counterparty risk ex-

posure relative to an uncleared market, which we define by

g, _ EIES +ECCP] — BIES]
: E[EX] '

13



If AE; < 0, central clearing reduces counterparty risk exposure. Central clearing is more beneficial if
AE; is smaller, which means that it achieves a larger reduction (or, equivalently, smaller increase)

in counterparty risk exposure.

Proposition 1 (Impact of central clearing on counterparty risk exposure). The impact of central

clearing on entity i's counterparty risk exposure is equal to

AE; = fIK=D) +mif ()

(&) ®)

where f(K) = /B?02,K?+ 02K. The larger the portfolio directionality n;, the less beneficial is central

J0AE

S > 0.

clearing for counterparty risk exposure,

Proposition 1 shows that AE; is driven by two components: directionality and risk. The larger
an entity i’s portfolio directionality #;, the less beneficial is central clearing, i.e., the larger is AE;
(see Internet Appendix B for additional results). The reason is that multilateral netting opportuni-

ties decrease with larger portfolio directionality.

5 Default Losses

Counterparty risk exposure examined in the previous section reflects expected default losses in
case all counterparties and the CCP default. In the following, we extend the analysis to consider
default losses more generally. Crucially, we also consider contributions to loss sharing at the CCP
in case only some clearing members default. The amount of such contributions critically depends

on how the CCP allocates losses among surviving clearing members, i.e., its loss sharing rule.

5.1 Aggregate Default Loss

We start by considering the expected aggregate default loss, which is the sum of expected default

losses for cleared and uncleared positions across all market participants. Default losses for un-
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cleared positions of entity i arise from a counterparty j’s default if the bilateral portfolio profit

K

exceeds the collateral Cj; posted by j to i. The CCP suffers default losses only in case at least one

clearing member j defaults and the net liability of j toward the CCP exceeds the collateral C]CCP

posted by j. In the following, we provide formal definitions of default losses.
Definition 2 (Default loss). The CCP’s total default losses is defined as
ccr _ v K ccp
DL =} Djmax | ) Xg—Ci",0 ©)
j=1 SEN;
and the total uncleared default losses of entity i in derivative classes 1 to K is defined as
K - K
DL{ =) Djmax| ) Xj—Cj,0]. (10)
JEN; k=1

Moreover, we define the function &(«a), which reflects the distribution of losses in excess of
collateral. The larger the confidence level of the collateral requirement w, the smaller is &(«) (see

Lemma IA.1 in the Internet Appendix).

Definition 3 (Collateral-weighted loss distribution). We define the function

Ea)=1—a)@ (1 —a)+ ¢(® (a)) fora € [0.5,1).

The following proposition provides an analytical formula for the expected default losses of

uncleared derivative positions.

Proposition 2. The expected default loss of entity i's uncleared positions in derivative classes 1 to K is

equal to

E[DLE] = nGi¢(auc)y/ Broa K2 + o2K. (11)

A measure for the aggregate counterparty risk when class-K derivatives are centrally cleared

is given by the expected default losses aggregated across uncleared and cleared derivative classes,
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which is given by

ADL=E . (12)

N
CcCpP K-1
DL“? +Y"DL!
L

1

We examine the effect of centrally clearing derivative class K relative to an uncleared market

in the following proposition.

Proposition 3 (Impact of central clearing on the aggregate default loss). The expected aggregate

default loss with central clearing is equal to

N
ADL =7t} G; (&(accp)nif (1) + &(auc) f(K — 1)), (13)
i=1

where f(K) = /202, K2 + 02K. The impact of central clearing on the expected aggregate default loss is

equal to

N
aapp — APL_En DLE_ Slacep) (U, SK-1) 14)

Zil\il DLZK G(aye) f(K) f(K)

Eit | Sjea; vi

where =
egs = TN, G

is the average net-to-gross ratio. AADL < 0 holds only if

771188' < gg((lxu(:)

“CCP) . 15)

Proposition 3 provides an analytical expression for the expected aggregate default loss if class
K is centrally cleared and for the impact of central clearing on the expected aggregate default loss.
The latter is driven by the average net-to-gross ratio, 7,4,, which is a measure for the average
net position per $1 traded in class K. It reflects average portfolio directionality. Intuitively, larger
directionality lowers multilateral netting efficiency and, thereby, clearing benefits. Similarly, a
lower collateral requirement for cleared relative to uncleared positions reduces clearing benefits.

We illustrate these comparative statics in Figure 2.
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[Place Figure 2 about here]

Proposition 3 also provides a necessary condition for central clearing to be overall beneficial,
i.e., to reduce the expected aggregate default loss, which is that the average portfolio directionality

is sufficiently small. We further specify this condition in the following corollary.

Corollary 1. Central clearing reduces the expected aggregate default loss, AADL < 0, only if at least one

of the following conditions holds:

® aye < occp

The latter condition is equivalent to min;e gy Ny 17i < 1.

In Corollary 1, we show that central clearing is overall beneficial only if there are either tighter
collateral requirements for cleared than uncleared positions (x,. < accp) or at least one entity
exhibits an imperfectly directional portfolio (17; < 1) or both. Thus, if collateral requirements for
cleared are not more strict than for uncleared positions, central clearing is beneficial in aggregate
only if at least one market participant does not have a fully directional portfolio, which is common

in practice, e.g., for dealers.

5.2 Loss Sharing

The CCP’s default loss, DLEC?, is offset by loss sharing contributions made by surviving (i.e., non-
defaulting) clearing members.!* Contributions are made, first, out of the pre-funded default fund
and, second, through cash calls or other recovery tools.!> Because default funds must be replen-

ished by clearing members within a short time window after defaults (typically within one month;

14Before allocating losses to surviving members, default losses are (partly) absorbed by a share of the CCP’s capi-
tal, its skin-in-the-game (SITG). Since CCPs’ SITG is small in practice, typically below 20% of pre-funded default fund
contributions (ESRB, 2021), we do not explicitly consider SITG in the model.

15 pPre-funded default fund contributions are 4% of initial margin for cleared OTC IRS at LCH and 7% for cleared
CDS at ICE Clear Credit in 2021 (Source: CPMI-IOSCO Quantitative Disclosures 2021Q1), which are the largest CCPs
for USD- and Euro-denominated IRS and CDS, respectively. For a detailed discussion of CCPs’ default waterfall see
Elliott (2013), Cont (2015), Duffie (2015), or Armakolla and Laurent (2017).
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see Internet Appendix A for an example), from the perspective of our model, loss sharing through
the default fund has a similar impact on realized default losses as cash calls. Therefore, we do
not distinguish between different implementations of loss sharing but, instead, focus on the total
amount of losses allocated to a specific clearing member, i.e., the sum of pre-funded contributions
used and any additional contributions.

A clearing member’s loss sharing contribution is a share of the CCP’s total default loss as
determined by the loss sharing rule. We consider rules that are based on net as well as gross
portfolio risk.!® It is important to note that changing the loss sharing rule does neither change
aggregate default losses nor aggregate multilateral netting benefits nor the amount of required col-
lateral, holding clearing participation fixed. Instead, in our model, the loss sharing rule solely

determines how realized losses are distributed among surviving clearing members.

Definition 4 (Loss sharing rule and contribution). A loss sharing rule w € [0, 1]N determines the share
of the CCP’s default loss allocated to each clearing member, such that member i conditional on its survival

contributes the share

Wi

. (16)
Zﬁ’zl(l — Dg)wg
We consider loss sharing rules of the following form:
w;i(6) = 0% + (1-90)a;, (17)

where 0; is the net risk and ¥; the gross risk of i’s portfolio:

=)y var <XII]<) = Gj\/ B?o3, + 02 (18)

JEN;

The larger 6, the larger is the weight of gross relative to net portfolio risk in loss sharing. It is w;(5) > 0 for

161 practice, loss sharing proportionally to gross risk may be implemented by aggregating the gross flow of cleared
transactions instead of the existing (net) stock of outstanding exposures.
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all 6 > 0.
Clearing member i's loss sharing contribution equals the CCP’s total default loss times i’s loss sharing

share in case i survives, and zero otherwise:

w;(4) DLCCP chl =0

0, ifD; = 1.

To assess the impact of central clearing on an entity i’s expected default loss, we compute
the change in expected default losses with central clearing of derivative class K relative to an
uncleared market, as given by

E[(1— D;)DLK! + LSC)]
E[(1 — D;)DLK]

ADL; = ~ 1 (20)

Analogously to loss sharing contributions, we assume that the uncleared default loss equals zero
if i defaults because limited liability protects entity i in states with negative entity. If ADL; <
0, central clearing is beneficial since it reduces entity i's expected default loss compared to an
uncleared market. In the following, we investigate the determinants of ADL;. Our focus on ADL;
is motivated by the role of counterparty risk as a key determinant for clearing participation (Bellia
et al., 2023; FSB, 2018; Vuillemey, 2020). In Section 6, we formalize this role in a model with
endogenous clearing participation.

Equation (19) illustrates that loss sharing contributions do not only depend on an entity’s own
portfolio but also on that of other clearing members. Because the share of losses borne by entity i
is inversely proportional to the number of surviving clearing members, Z]-I\il (1 - D;), there is, in
general, no analytical expression for E[LSC;]. The following proposition simplifies Equation (19)
by taking the expectation with respect to the CCP’s default loss and clearing member i’s default

indicator.'”

7Throughout our analysis, we focus on expected default losses. In addition, central clearing also affects the distri-
butional properties of default losses more generally and, thus, may interact with entities’ risk preferences.
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Proposition 4 (Expected loss sharing contribution and the impact of central clearing). With the loss

sharing rule w(9), clearing member i’s expected loss sharing contribution is equal to

E[LSCi(6)] = (1 - m)¢(acce)wi(6)E Lo DY ] . 1)
wi(6) + Lj=q,j4i(1 — Dj)w;(0)
The impact of central clearing on i’s expected default loss is given by
fK=1) | wi()f(1) Elacce) 1 L% DiGit
ADL; = - 1. (2
F T GAK) Q) 7 !wiw) FE (- D)w (o) 2

Because the CCP is not able to raise funding from defaulted clearing members, a defaulted
clearing member’s loss contribution is equal to zero. As a result, total loss sharing contributions
exactly offset the CCP’s total default loss if, and only if, at least one clearing member survives,
while the CCP must resort to other resources (e.g., from shareholders or a possible government

bailout) in the case that all clearing members default.!8

Corollary 2 (Aggregate loss sharing contributions). Conditional on at least one clearing member sur-
viving, aggregate loss sharing contributions are equal to the CCP’s total default loss.
Unconditionally expected total loss sharing contributions are equal to the CCP’s total expected default

loss scaled by the survival probability of N — 1 clearing members:

E

i LSCi((S)] = (1-7V"DE [DLCCP} . (23)
i=1

5.3 Loss Sharing Based on Net Risk

We start by assuming that losses are allocated proportionally to net portfolio risk, using the loss

sharing rule w(0), and relax this assumption in Section 5.4. Because a clearing member’s net

18This assumption allows us to focus on loss sharing instead of the (relatively unlikely) case that the entire CCP fails.
Alternatively to assuming that losses are compensated using outside resources in the case that all clearing members
default, it would be straightforward to include this additional default loss in the analysis. In this case, an entity i’s
expected default loss in the cleared derivative class K would be equal to E[LSC;] + N G#;&(accp) f(1).
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portfolio risk is proportional to the collateral (initial margin) posted to the CCP in our model, this
loss sharing rule is equivalent to allocating losses proportionally to initial margin, which resembles
current market practice (see Internet Appendix A for an example). In states in which all surviving
members have zero net risk, i.e., if 2]1‘\]:1(1 — Dj)(_fj = 0 in Equation (19), we make the technical
assumption that losses are shared proportionally to the gross risk of an entity i’s cleared portfolio,
whereas the impact of gross risk on loss sharing is infinitesimally small in other states. Thus, we
define the net-based loss sharing rule as w(0) = 7; + 6%; with infinitesimally small § > 0. In the
market environments we consider below, the limit when § approaches 0 is well-defined, in which
case we consider limg\ o E[LSC;(0)].

The following proposition characterizes the impact of central clearing, ADL;, with net-based

loss sharing and derives several comparative statistics.

Proposition 5 (Loss sharing based on net risk). The impact of central clearing on the expected default

loss of entity i is equal to

N
Lj=1,j#i DiGilj

ADL: = M _ < _
(0 +7:)Gi+ L2 j4i(1 = D) (0 + 1) Gj

A

where f(K) = /202, K? + 02K. ADL; is

+ (6 +mi)

1
(aue) f(K)%]E -1, (24

(a) decreasing with the collateral requirement for cleared contracts, %ﬁ?c Sj < 0, and increasing with the
collateral requirement for uncleared contracts, ag{g CL" >0,

(b) increasing with the number of derivative classes, aAaiL" > 0, if, and only if, xccp > ¢, wherec > Qisa

constant,

(c) decreasing with the systematic risk exposure, aAa%L" <0.

In Proposition 5, we show that ADL; is increasing with tighter collateral requirements for un-
cleared contracts, a,., and decreasing with tighter collateral requirements for cleared contracts,

accp. Intuitively, the safer central clearing is relative to uncleared contracts, the larger is the rela-
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tive benefit of central clearing, i.e., the smaller is ADL;.!” A larger number of derivative classes K
has two effects. On one hand, it increases bilateral netting efficiency for uncleared contracts. On
the other hand, it increases the total risk of uncleared contracts. If central clearing is relatively safe,
i.e., if accp is large, the former effect dominates and increasing bilateral netting efficiency makes
central clearing relatively less beneficial, i.e., increases ADL;. Instead, if central clearing associates
with sufficiently large risk, the latter effect dominates and increasing the total risk of uncleared
contracts makes central clearing relatively more beneficial, i.e., reduces ADL;. Finally, we show
that systematic risk exposure p increases central clearing benefits, i.e., reduces ADL;. The reason
is that higher systematic risk impairs bilateral but not multilateral netting efficiency.

The following proposition characterizes the impact of directionality on central clearing bene-

fits.

Proposition 6 (Loss sharing based on net risk: directionality). Assume that at least three entities have
a portfolio that is not perfectly flat. Consider two entities h,g € {1,..,N},h # g, with G, > Gg. Then
there exists € < 0 such that the following holds: if entity h exhibits a lower portfolio directionality than g,
1 < 1g, and either 11, = 0 or 17, < 1y, + €, then the impact of central clearing on the expected default loss

is smaller for h than for g,

ADL;, < ADL,. (25)

The impact of portfolio directionality on central clearing benefits is ex ante not obvious because
a specific entity’s portfolio cannot be viewed in isolation: changing entity i’s portfolio directional-
ity also implies changing the CCP’s portfolio. On one hand, lower directionality implies a smaller
contribution to loss sharing, holding the CCP’s default loss fixed. On the other hand, it affects
the CCP’s default loss. Both effects interact with the entity’s portfolio size, i.e., gross position.

In Proposition 6, we compare two entities with different directionality, 7, and 77,. We show that

9While in our main analysis we ignore collateral costs, in Internet Appendix C, we show that the results extend to
the case with costly collateral.
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the first effect dominates if gross positions do not positively correlate with directionality. In this
case, central clearing is more beneficial (i.e., ADL; smaller) for entities with a marginally lower
directionality.

Exploring other comparative statics, e.g., with respect to the probability of default, is challeng-
ing because a closed-form expression for ADL; is, in general, not readily available. We address
this challenge by considering two specific classes of networks in the following.

First, we study the class of homogeneous networks, which we define as networks in which all
entities exhibit the same total gross position and portfolio directionality. This class is very broad.
It includes markets with only one counterparty per entity as well as complete networks in which

all entities trade with each other, e.g., an interdealer market (Getmansky et al., 2016).

Assumption 1 (Homogeneous network). In a homogeneous network, market participants have the same

gross positions, G; = G > 0, and directionality, y; = > 0, foralli =1,...,N.
The following proposition investigates clearing benefits in homogeneous networks.

Proposition 7 (Loss sharing based on net risk in homogeneous networks). Consider a homogeneous
network as in Assumption 1. Then, the impact of central clearing with loss sharing based on net risk on the

expected default loss of entity i with 6 = 0 is equal to

S(accp) f(1) 1 =Nt

f(K-1)
ADLi = Z(wwe) FIK) 1-7

f(K)

where f(K) = /203, K2 + 02K. ADL; is

9ADL;
an

+1

1, (26)

(a) increasing with directionality, >0,

(b) increasing with the number of derivative classes, aAazL’ > 0, if, and only if, 1 < ¢, where c > O isa

constant,

(c) increasing with the probability of default, aAa?r L 0.
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In Proposition 7, we derive a closed-form expression for the impact of central clearing in ho-
mogeneous networks. In such networks, all surviving clearing members bear the same share of
the CCP’s default losses and the expected loss sharing contribution is solely driven by netting ef-
ticiency and default dynamics. As a result, the impact of central clearing on an entity’s expected
default loss is equal to its impact on the expected aggregate default loss adjusted by using aggre-
gate loss sharing contributions (as in Corollary 2) and setting defaulted entities” uncleared default
losses to zero (as in Equation 20).

Portfolio directionality reduces the benefit of central clearing, i.e., increases ADL;, by reduc-
ing multilateral netting efficiency. We also provide a complementary characterization of the role
of K. A larger number of (uncleared) derivative classes K makes central clearing relatively less
beneficial if directionality is sufficiently small since, in this case, larger bilateral netting efficiency
undermines relative clearing benefits. Finally, we show that an increase in the probability of de-
fault 7t reduces clearing benefits. Intuitively, a larger probability of default increases the risk that
fewer clearing members survive and, thereby, increases the expected share of losses an individual
survivor has to bear.

Second, we add heterogeneity across clearing members. For this purpose, we consider core-
periphery networks, which can be found in many OTC markets in practice (Getmansky et al.,
2016; Di Maggio et al., 2017; Li and Schiirhoff, 2019). The network’s core can be interpreted as an
interdealer market, where dealers trade with each other, whereas core-periphery links may reflect

dealer intermediation between end-users.

Assumption 2 (Core-periphery network). A core-periphery network with N € {3n : n € IN uneven}

exhibits the following properties:

(1) Nper ={1,..., §, 3 +1, ..., N} are peripheral entities and Neore = {5 + 1, ..., 2} are core entities.

(2) Peripheral entities trade with only one entity in the core, such that, foralli =1, .., % and j = % -
i+1, vij = Gpe if i is even, and vij = —Gper if i is uneven; and for all i = % +1,.., % and
j =% —i+1, 0 = Gpe if i is uneven, and vij = —Gper if i is even, Gper 7 0.

24



(3) Each core entity trades with two peripheral entities with gross position Gpe, each and with all other
entities in the core with unit gross position each, such that its portfolio is flat, n; = 0 if i € Neore. Thus,

a core entity’s total gross position equals Geore = % + 2Gper.

(4) Forall j > i, v;j = 0 if not specified otherwise. For all i, j, it is v;; = —vj;.

To illustrate Assumption 2, we depict an exemplary core-periphery network with N = 15 and
G = Gyper:

Sl
G
¢
G
-G
G 1 -1 1 4 -G
-G -1 1 -1 1 G
G 1 -1 1 -1 -G (27)
-G S 1 @
@ 1 -1 1 -1 -G
G
Se
G
-G
G

The core in Equation (27) is marked in gray, namely rows and columns 6-10, which correspond
to entities in the core. The remaining rows (and columns) 1-5 and 11-15 correspond to entities in
the periphery. No two entities in the periphery trade with each other, each entity in the periphery
trades with one entity in the core, and all entities in the core trade with each other. Peripheral
entities exhibit a purely directional and core entities a perfectly flat portfolio.

The following proposition investigates clearing benefits in the case of core-periphery networks.

Proposition 8 (Loss sharing based on net risk in core-periphery networks). Consider a core-periphery
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network as in Assumption 2. Then, the impact of central clearing with loss sharing based on net risk as &

approaches 0 on the expected default loss of a peripheral entity § € Nper is equal to

f(K-1) L 1= N3 E(aeep) f(1)
f(K) TL—m  &(aw) f(K)

ADLg = —1, (28)

and for a core entity h € Nooye it is equal to

fK=1) Nz 6Gper 173 ¢(acce) f(1)
ADLy = ————+7m -1, 29
{13 (N=3)+6Gp 1-7 Elaue) F(K) @)
where f(K) = /203, K2 + 02K.
For peripheral entities, central clearing is not beneficial, i.e., ADLy > 0, if, and only if,
_ 22N/3-1 _ -

I-m &(accp) f(1)

Holding all other parameters fixed,
(a) if xccp < e, there exists N < oo such that ADL¢ > 0 forall N > N,
(b) there exists K < oo such that ADLg > 0 forall K > K,
(c) there exists &yc < 1such that ADLg > 0 for all aye > &y
For core entities h € Nore, central clearing is

e beneficial, i.e., ADL, < 0,if N > Nfor N < oo,

* and strictly more beneficial than for peripheral entities § € Nper, ADLj, < ADLg.

In Proposition 8, we first derive a closed-form expression for the impact of central clearing
on the expected default loss of core and peripheral entities in Equations (28) and (29). Core enti-

ties” flat portfolio prevents them from contributing to loss sharing in states in which at least one
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peripheral entity survives. Thus, core entities” expected loss sharing contribution is driven by

the probability that all peripheral entities default, 772N/3

, in which case each surviving core entity
makes the same loss sharing contribution. In contrast, if peripheral entities survive, they bear all
losses with an equal share and, thus, the impact of central clearing on their expected default loss
in Equation (29) resembles that in a homogeneous network in Equation (26).

Second, we derive conditions under which peripheral entities are hurt by central clearing, i.e.,
ADLg > 0. This is the case if the number of clearing members is sufficiently large, boosting
the CCP’s expected default loss, if the number of (uncleared) derivative classes is sufficiently
large, raising bilateral netting benefits, or if the collateral requirement for uncleared contracts is
sufficiently large, boosting the safety of uncleared positions.

Finally, we compare peripheral to core entities. In contrast to peripheral entities, core entities
benefit from central clearing if the number of clearing members is sufficiently large, reducing the
likelihood that they need to contribute to loss sharing. Importantly, core entities unambiguously
benefit more from central clearing than peripheral entities. The reason is that net-based loss sharing
allocates more default losses to peripheral than to core entities relative to their respective expected
uncleared default loss.

Importantly, central clearing can be beneficial overall (AADL < 0) and for core entities (ADL;, <
0), but harmful for peripheral entities (ADLg > 0). We illustrate this insight and comparative stat-

ics in the following example.

Example 1. Consider a core-periphery network. Central clearing with loss sharing based on net risk re-
duces the expected default loss in agqregate but not that of peripheral entities for the following parameters:
Gper =1, 1=0.05, N =21, K =10, ayc = accp =099, 0 = oy =1, = 0.3.

Figure 3 illustrates comparative statics varying either the number of market participants, N, or the
systematic risk exposure, B, while holding all other parameters constant to those above. Figure 3 (a) shows

that larger N reduces AADL. Intuitively, a larger market enables more risk sharing and, thus, central

27



clearing reduces the expected agqregate default loss by more. In other words, central clearing becomes more
beneficial overall. However, the impact of central clearing on an individual entity’s expected default loss
is largely unaffected by N. This is intuitive from the closed-form expressions in Proposition 8. A larger
expected number of defaulters roughly balances a larger expected number of survivors.

Figure 3 (b) shows that a larger systematic risk exposure B reduces AADL as well as each entity’s ADL.
This result is in line with Proposition 5, which shows that larger B reduces bilateral netting efficiency
and, thereby, makes central clearing relatively more beneficial. This effect is particularly pronounced for

peripheral entities because they make larger loss sharing contributions.

[Place Figure 3 about here]

5.4 Loss Sharing Based on Net and Gross Risk

In the following, we relax the assumption of net-based loss sharing and consider loss sharing rules
that take gross risk into account, i.e., w(é) with § > 0. It is important to note that, despite taking
gross risk into account, the share of the CCP’s default losses allocated to a clearing member i is
increasing with net portfolio risk (and, thus, everything else equal, with directionality) for any

loss sharing rule w(J) with 6 < 1.

Proposition 9 (Loss sharing based on net and gross risk).  Consider loss sharing rules based on net

and gross risk, i.e., with § € (0,1).

(a) Assume that 5; =1 € [0,1] forall j =1,...,,N. Then, foranyi € {1,..., N}, it is aAagL" =0.

(b) Consider an entity with a flat portfolio, 11; = 0. Assume that there exist at least two fellow clearing

members a and b, a # b, with portfolio directionality 1, > 0 and 11, > 0. Then,

dADL;
30

> 0.
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(c) Consider an entity with a fully directional portfolio, n; = 1. Assume that there exist at least two fellow

clearing members a and b, a # b, with portfolio directionality n, < 1 and n, > 0. Then,

dADL;

35 < 0.

In Proposition 9, we investigate how changing the loss sharing rule affects clearing benefits.
We show that, if all entities exhibit the same portfolio directionality, then an individual entity’s
clearing benefit is independent of the loss sharing rule. The reason is that, in this case, all possible
rules are equivalent to allocating losses proportionally to gross risk.

Moreover, we zoom in on entities with the most extreme portfolio directionality. Entities with
a flat portfolio, such as core entities in a core-periphery network, lose from a larger weight of
gross risk in loss sharing; instead, entities with a directional portfolio, such as peripheral entities,
benefit. Figure 4 illustrates this result for an exemplary core-periphery network. In this example,
with loss sharing based on net risk (i.e., with § = 0) only core but not peripheral entities benefit
from central clearing. Increasing the weight of gross risk in loss sharing aligns the impact of central

clearing across entities such that everyone strictly benefits from central clearing.
[Place Figure 4 about here]

The following proposition sheds light on the special case of gross-based loss sharing (6 = 1).

Proposition 10 (Loss sharing based on gross risk). Consider two entities g, h, g # h, and assume that
loss sharing is proportional to gross portfolio risk, 6 = 1. Then, the difference in the impact of central

clearing between the two entities is equal to

ADL, — ADL, (31)
_Glacep) F(D) 1 (0 YLy DGy IDe=0| —E Yi—1 DiGjn; Dy =
Slaue) f(K) 7T Y1 (1-Dj)G; s (1 - Dy)G; " ‘
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(a) Conditional on Dg = Dy, the impact of central clearing is the same across entities:

ADLyp _p, = ADLyp _p,. (32)
(b) If 1y = 1y, then

Gy > Gy = ADL, < ADL,. (33)
(c) If Gg = Gy, then

nn > 1 < ADLy, < ADL. (34)

(d) Ifh € Neore and ¢ € Npg, in a core-periphery network, then there exists 7t > 0 such that for all

e (0,7) it is

ADLy < ADLy, (35)

When allocating losses exclusively based on gross risk (6 = 1), there is no difference in the
impact of central clearing between surviving clearing members. The reason is that gross-based
loss sharing aligns loss sharing contributions with the expected default loss of uncleared posi-
tions, which is proportional to gross (but not net) risk. Nonetheless, unconditionally expected
default losses differ across clearing members when the CCP’s risk depends on the identity of de-
faulting clearing members. Then, central clearing is more beneficial for riskier entities because
their survival reduces the CCP’s risk compared to the survival of less risky entities. Intuitively,
riskier entities benefit more from risk pooling than less risky entities. Proposition 10 formalizes
this intuition.

In particular, we show that, if the probability of default is not too large, then the clearing
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benefit with gross-based loss sharing is larger for peripheral than core entities. This result implies
that, if the probability of default is not too large, there exists a loss sharing rule w(4) that perfectly

smooths clearing benefits across core and peripheral entities:

Corollary 3. Consider a core-periphery network and let § € Nyper and h € Nope. If 70 is sufficiently small,
there exists & € (0,1) such that ADLy = ADL,, for the loss sharing rule w(6) and that ADLy > ADL,,
if, and only if, 6 < 4.

6 The CCP’s Objective

In the previous section, we vary loss sharing rules along one important dimension, the degree to
which they consider net relative to gross risk, and their impact on clearing benefits. What forces
shape a CCP’s decision to use a particular loss sharing rule? Answering this question is crucial for
understanding the potential externalities associated with loss sharing rules. In the following, we
provide one potential answer by exploring the incentives of a profit-maximizing CCP with market
power, motivated by the observation that most CCPs are for-profit institutions and the market for
central clearing is extremely concentrated in practice.?’

We consider a market in which central clearing is voluntary.?! The CCP sets a per-volume fee
F and the loss sharing rule w before entities decide whether or not to clear. The CCP’s objective is
to maximize its total fee income. Providing multilateral netting benefits enables the CCP to charge
positive fees from clearing members. Our analysis highlights an important difference between

fees and loss sharing rules. Whereas loss sharing rules can be adjusted to discriminate between

clearing members, the clearing fee F is paid per unit of notional cleared, as in Capponi and Cheng

20The CCPs LCH, CME, Eurex, and ICE jointly account for nearly 100% of cleared USD and EUR interest rate and
credit risk derivatives (see https://www.clarusft.com/2021-ccp-volumes-and-market-share-in-ird/ and https://www.
clarusft.com/2021-ccp-volumes-and-share-in-crd /) and are owned by publicly listed companies (Huang, 2019). The
high concentration in the market for central clearing is consistent with the presence of significant network externalities
(Menkveld and Vuillemey, 2021).

2lIn markets with mandatory clearing, competition between CCPs may explain why traders are not fully captive.
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(2018) and Huang (2019).22 For example, as of September 2023, LCH SwapClear charges $0.9 per
million notional for short-term interest rate swaps independently of clearing member character-
istics (https://www.lch.com /services/swapclear/fees). Because the fee is uniform across clearing
members, the optimal fee is determined by the clearing member with the lowest willingness to
pay. Instead, regulation requires clearing members’ loss sharing contributions to be “proportional
to the exposures of each clearing member” (EMIR Article 42(2)), which allows for discrimination
across clearing members. We show that the CCP optimally uses the loss sharing rule to maximize

the minimum willingness to pay, which then determines the optimal fee.

Loss sharing rules are defined as in Definition 4. Thus, choosing w is equivalent to choos-
ing the weight of gross risk in loss sharing, J. Without loss of generality, fees are paid upon a
clearing member’s survival. Entities use central clearing (i.e., become clearing members) if the
sum of expected total fees and the expected default loss with central clearing does not exceed the
expected default loss without central clearing. The optimal clearing rule (F*,6*) maximizes the

CCP’s expected total fee income subject to entities” participation constraints:

max Y E|(1-D;) ) |vij|F] (36)
Fo icn JENTNQ
st. B|(1-D;) ), DLE| >E |(1-D;) Y. |ov;|F| +E[LSCi(5,Q)]
JEN; JEN:NQY
K-1 K .
+E [(1-D;) ‘ ) DL~ + ) DL;; VieQ, (37)
JEN;NQ JEN\Q

E|(1-Dg) Y, DLg| <E [(1-Dg) Y. |ovg]| F| +E[LSCg(s,Q)]
jENG jeEN;NO

K-1 K
+E[1-Dy [ ¥ pkl+ ¥ biS)| veeo @9)
JENGNO JENG\O

where D L{; = Djmax (Zf:l Xf‘] - Cﬁ, O) are the uncleared default losses of i on positions with

22F is uniform across clearing members since regulation restricts CCPs’ ability to discriminate across clearing mem-
bers (e.g., see EMIR Article 7(1) and Capponi and Cheng (2018) for an in-depth discussion). In our model, we focus
on the trade-off between clearing fee, loss sharing rule, and clearing participation, and, for tractability, do not consider
other dimensions that affect the optimal rule (e.g., a potential impact of fees on default risk).
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counterparty j in derivative classes 1 to K, analogously to Equation (10). QO C {1,.., N} is the
set of clearing members implied by F, §, and the participation constraints (37) and (38).% The
participation constraint (37) ensures that clearing members (weakly) benefit from central clearing,
and the participation constraint (38) ensures that non-clearing members do not benefit from central
clearing. The expected loss sharing contribution depends on both () and ¢ and, analogously to

Proposition 4, is equal to

Ljea\(i} Difj

E[LSCi(6,Q)] = (1 — m)(accp)wi(6)E wi(8) + Ljea iy (1 — Dj)w;(9)

(39)

Given the set of clearing members () and the loss sharing rule J, the optimal fee set by the CCP
equals the minimum willingness to pay across clearing members, characterized in the following

lemma.
Lemma 2 (Optimal fee). For an optimal clearing rule (F*,5*), defined as the solution to (36) subject to

(37) and (38), the optimal fee is equal to

F* = 7f(K)&(ay) min (—ADL;(5%,Q)), (40)

ieQ)

where ADL;(6, Q) is the impact of central clearing on i’s expected default losses considering only the set Q)

of market participants, analogously to Equation (20),

E |(1- D)) Cjensnn DLE ™ + LSCi(6,0) |

E [(1 —Di) Zjeninn DLlﬂ

ADL;(4,Q) = -1 (41)
Lemma 2 first provides a characterization of market participants’ participation constraints that
links participation constraints to central clearing benefits. Second, we show that the optimal fee is

determined by the clearing member with the lowest willingness to pay, i.e., with the lowest central

2In general, given (4, F), ) is not necessarily unique. For the class of core-periphery networks that we consider
below, we show that () is uniquely determined by (4, F).
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clearing benefit, min;(—ADL;), within the cleared segment of the market.
For the remaining analysis, we focus on core-periphery networks. The following proposition

characterizes optimal clearing rules.

Proposition 11 (Optimal clearing rule). Consider a core-periphery network. Assume that 7t is suffi-

ciently small, such that Corollary 3 applies. Then, the optimal clearing rule is one of the following:

(A) All entities use central clearing, O = {1, ..., N}, the loss sharing rule balances the impact of central

clearing across entities, 6* = 5, and the fee is equal to

F% = — & () f(K)ADLy (Q). (42)

(B) Only core entities use central clearing, Q0 = Nore, the loss sharing rule is indeterminate, and the fee

is equal to

Fg = 7 (aue) (f (K) = f(K=1)). (43)

In core-periphery networks, there are two types of entities, core and peripheral entities. Be-
cause peripheral entities trade only with core entities, the set of clearing members always includes
core entities.?* Proposition 11 shows that the optimal clearing rule is such that either only core en-
tities or all entities use central clearing. We also derive the associated optimal loss sharing rule and
fee. If all entities use central clearing, then the CCP seeks to balance clearing benefits across clear-
ing members. The reason is that —ADL and, hence, clearing members” marginal willingness to
pay is an increasing function of é for peripheral entities, and decreasing for core entities (Proposi-
tion 9). Because the market participant with the lowest clearing benefit determines the optimal fee

(Lemma 2), any deviation from 4 (which balances ADL, see Corollary 3) reduces the optimal fee.

24We assume that the parameters are such that min;c - (—DL;(0, Neore)) > 0, which implies that central clearing

core

is beneficial at least for core entities when only these use central clearing.
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In contrast, if only core entities use central clearing, the optimal fee dissuades peripheral entities
from central clearing and, therefore, any loss sharing rule is optimal.
In the following proposition, we compare the two clearing rules from Proposition 11 and pro-

vide a sufficient condition for clearing rule (B) to dominate (A).

Proposition 12 (Curtailing clearing participation). In the setting of Proposition 11, clearing rule (B)
strictly dominates (A) if

2N-3 6
(f(K) = f(K—=1)) () < max {41\]' 2} f(1)&(accp)- (44)

In this case, it is optimal for the CCP to dissuade peripheral entities from using central clearing. There exist

K < oo and &, < 1 such that Inequality (44) holds if K > Koraye > fye.

Clearing rule (A) in Proposition 11 maximizes clearing participation but associates with a
smaller per-volume fee than rule (B). Thus, when setting the clearing rule, the CCP faces a trade-
off between larger clearing volume and larger per-volume fee, which gives rise to Inequality (44).
The left hand side of (44) reflects entities” willingness to pay for multilateral netting and, thus,
resembles the optimal fee F; in Equation (43). The right hand side reflects the additional expected
default losses when clearing peripheral entities” positions. If the latter exceeds the former, clear-
ing benefits are relatively small and the CCP prefers to reduce the number of clearing members
in exchange for a smaller expected default loss. In particular, it is less profitable for the CCP to
attract peripheral entities when the bilateral netting efficiency is high (large K) and, thus, multi-
lateral netting through the CCP is relatively less beneficial, or when the collateral requirement for
cleared contracts is small relative to that for uncleared contracts (small accp or large a,.), or when
balancing clearing benefits across core and peripheral entities requires a large weight on gross risk
(large ). In these cases, the CCP maximizes its total fee income by dissuading peripheral entities
from central clearing, using clearing rule (B).

The large per-volume fee in clearing rule (B) disincentivizes peripheral entities from using
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central clearing. Conditional on this fee, any loss sharing rule will result in the same total fee
income to the CCP because remaining clearing members share the same net and gross risk. To
resolve the indeterminacy of the optimal loss sharing rule, in the following proposition, we use a

selection criterion based on small perturbations.

Proposition 13 (Robust optimal clearing rule). If clearing rule (B) in Proposition 11 is strictly preferred
over (A), then only net-based loss sharing is robust to small perturbations in the following sense:
There exists a sequence (1) e that converges to 0 and associates with the following sequence of core-

periphery networks:

e Lach peripheral entity has the perturbed position G5,, = Gper + 1y.

per

e Peripheral entities always centrally clear ny, independently of the clearing rule, and centrally clear

Gper if, and only if, the participation constraint is satisfied.
* Core entities use central clearing if, and only if, the participation constraint is satisfied.

Denote by (F**,5*") an optimal clearing rule for the (-th perturbation. Then, (F*,5*) is a robust optimal

clearing rule for the original core-periphery network if F** — F* and 5** — §* for £ — oo.

When attracting only core dealers by using clearing rule (B), an important consideration for
the CCP is to not violate core entities” incentives to use central clearing even when there are small
fluctuations in cleared positions. For this reason, to define the robust loss sharing rule, we con-
sider small perturbations in the behavior of peripheral entities which trigger the clearing of (some)
directional positions. In each perturbation, a small (perturbed) fraction of peripheral entities” port-
folio is centrally cleared independently of the clearing rule. For a given perturbation /, there exists
an optimal clearing rule (F*/,6*"). The robust clearing rule, as defined in Proposition 13, is the
limit of these optimal clearing rules when the size of perturbations converges to zero. Therefore,

the refinement considers the limit when peripheral entities become fully price-sensitive.?

2Gelecting the optimal clearing rule based on small disturbances in agents’” actions is reminiscent of well-known
approaches to address equilibrium multiplicity in game theory, e.g., in Azevedo and Gottlieb (2017) or Selten (1975).
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Proposition 13 shows that a net-based loss sharing rule is more robust than other rules toward
small perturbations in the clearing member base. If a small mass of peripheral entities use central
clearing regardless of clearing rules (e.g., because they are forced to centrally clear some of their
positions), only the net-based loss sharing rule maximizes core entities” willingness to pay and,
thereby, the CCP’s total fee income. In this case, the CCP uses the loss sharing rule to allocate
benefits of central clearing to core entities. In other words, the CCP strategically uses net-based

loss sharing to maximize its fee income.

Remark 2 (The role of margin requirements). Our analysis focuses on fees and loss sharing rules as the
key ingredients of clearing rules. In addition, CCPs in practice also choose (at least to some extent) margin
requirements. Proposition 11 provides intuition about this choice in the absence of collateral costs. If rule
(A) is optimal, it is optimal for the CCP to maximize margin requirements to increase clearing benefits
and, thereby, clearing members” willingness to pay. However, if collateral is costly, the optimal margin
requirement trades off higher safety against higher collateral costs, analogously to Proposition IA.1 in the
Internet Appendix.

Instead, if clearing rule (B) is optimal, multilateral netting entirely removes any default risk for the
CCP because all clearing members exhibit a flat portfolio. As a result, clearing margins for cleared positions

are equal to zero independently of the confidence level of margins.

7 Discussion

Counterparty risk is an important determinant of clearing and derivatives market equilibria (Bois-
sel et al., 2017; Bellia et al., 2023; Bernstein et al., 2019; Cenedese et al., 2020; Vuillemey, 2020) and
financial stability. Therefore, and in light of post-crisis regulation that mandates central clearing
for certain derivatives, it is important to understand how and through which channels loss shar-
ing affects the level and distribution of counterparty risk. Our results make several empirical

predictions and have important policy implications, which we discuss in the following.
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First, we observe that, in practice, market participants are on average reluctant to centrally
clear derivatives in the absence of a clearing mandate. For instance, only 28% of CDS trades
and less than 1% of foreign exchange derivatives were voluntarily cleared in December 2016
(Wooldridge, 2017). Considering expected default losses, we show that central clearing is indeed
not necessarily beneficial for (all) market participants compared to an uncleared market. In con-
trast, loss sharing exposes market participants to risk which can disincentivize them from using
central clearing. The comparative statics in our model provide guidance on how clearing bene-
tits interact with market characteristics. We show that clearing benefits are larger when portfolio
net-to-gross risk is small or returns are more exposed to systematic risk or market participants
are active in fewer derivative classes (in the presence of strict margin requirements for cleared
contracts).

Second, clearing participation in practice varies significantly across different types of market
participants. Clearing members are predominantly dealers and large banks, while only a small
number of end-users (such as investment funds and non-financial firms) participate in central
clearing (BIS, 2018). For example, the European insurance company Allianz reports interest rate
swap positions of more than EUR 2 billion notional outstanding at end-2020, while it is not a clear-
ing member of any of the authorized European central clearinghouses for interest rate swaps.?®
The reason is not obvious. End-users are not prohibited from being clearing members.”” Anec-
dotal evidence we collected from regulators and the industry suggests that expected loss sharing
contributions are an important driver for end-users’ reluctance to use central clearing. For exam-
ple, large end-users, such as the asset manager Blackrock, emphasize that variation margin gains
haircutting, a default management tool that exposes both dealers and clients to loss sharing, “un-

fairly penalizes end-users, who in general hold directional positions, vs. CMs [clearing members]

26Sources: https:/, www.allianz.com /en/investor _relations/results-reports/annual-reports.html and the member-
ship lists of LCH, Eurex, Nasdaq, KDPW, and CME Clearing Europe as of April 2021.

?Instead, regulation forces CCPs to provide non-discriminatory access to clearing and to use membership require-
ments only to manage the CCP’s risk (e.g., see EMIR Article 37). For example, the membership criteria of LCH include
minimum levels of capital and experienced staff, but they do not restrict access for particular types of financial institu-
tions (https://www.lch.com/membership/ltd-membership).
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or dealers, who generally manage to a flat market position” (Novick et al., 2018). If central clear-
ing is voluntary, entities might choose not to clear their positions in order to avoid loss sharing.
If central clearing is mandatory, entities may choose to use client clearing, which is typically as-
sociated with less exposure to loss sharing than being a direct clearing member. For instance, in
the European interest rate swap market with mandatory central clearing, most non-G16 banks,
insurance companies, and pension funds choose to use client clearing over being a direct clearing
member (Fiedor et al., 2017).28

The reluctance of end-users to participate in loss sharing is consistent with our result that net-
based loss sharing, as common in practice, disadvantages end-users relative to dealers. Being a
clearing member may also have other disadvantages for end-users, such as fixed costs associated
with the CCP’s operational requirements. Our analysis suggests that expected loss sharing contri-
butions can significantly add to such clearing costs for end-users. In contrast to end-users, dealers
in our model receive the largest benefits from central clearing, which is consistent with the price
discount they offer on centrally cleared relative to uncleared transactions (Cenedese et al., 2020).

Third, although we show that loss sharing that takes both net and gross portfolio risk into ac-
count can lead to a more balanced distribution of clearing benefits across market participants, loss
sharing is based entirely on net risk in practice (see Appendix A).?’ Consistent with this observa-
tion, we show that a profit-maximizing CCP may face weak incentives to deviate from net-based
loss sharing because it allows to extract larger fees from dealers. In this case, the CCP’s choice
of the fee and loss sharing rule has externalities on clearing participation. Such externalities are

important since large clearing participation may be socially desirable because it facilitates trade

2Consistent with the rationale that client clearing is used to reduce exposure to loss sharing in the presence of clear-
ing mandates, in OTC derivatives markets without clearing mandates, client clearing is less common. For example,
less than 5% of initial margin for OTC foreign exchange derivatives and less than 10% of initial margin for OTC CDS
at the London-based clearinghouse LCH attributes to client clearing activities (Source: LCH LTD and SA CPMI-IOSCO
Quantitative Disclosures 2020Q4). We do not explicitly incorporate client clearing in our model because its implemen-
tation varies across CCPs and jurisdictions (Braithwaite, 2016). Depending on clearing members’ market power and
portfolio, clients may also be charged for the loss sharing contributions that members make on clients’ behalf.

21t is important to note that, for the main part of the paper, we define clearing benefits based on expected default
losses. In addition to this dimension, multilateral netting through central clearing also over-proportionately benefits
entities with a flat portfolio by reducing their margin requirements. This effect is independent of loss sharing rules.
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by increasing the scope for risk sharing and mitigating counterparty risk and financial frictions
(Acharya and Bisin, 2014; Bernstein et al., 2019; Vuillemey, 2020).

There are other potential determinants of loss sharing rules that are beyond the scope of our
model. First, whereas we assume entities” probability of default to be exogenous, loss sharing
may increase default probabilities and, thereby, contribute to systemic risk. Because dealers are
often systematically important (Billio et al., 2012), it can be socially optimal to over-proportionally
reduce dealers” expected default losses using net-based loss sharing. Second, whereas we take
derivative positions and default probabilities as exogenous, in practice loss sharing rules may im-
pact trading and, through trading, entities” default probability. Because net-based loss sharing
penalizes portfolio directionality, it may dis-incentivize entities to hold directional derivatives po-
sitions. Instead, gross-based loss sharing penalizes large derivatives portfolio size. The overall
impact on social welfare is ambiguous. On one hand, penalizing portfolio directionality may mit-
igate moral hazard, reducing externalities on other clearing members and overall default losses,
and facilitate liquidity provision. On the other hand, it may increase hedging costs for end-users
and incentivize entities to build up very large positions, which can create significant liquidity costs
(Cont, 2015).3° Whereas it is ultimately an empirical question which forces dominate, these trade-
offs highlight that it is not obvious ex-ante that a net-based loss sharing rule maximizes welfare.
Hence, an important avenue for future research is to investigate the implications of loss sharing
rule choice on social welfare and the extent to which regulatory policies can mitigate potential

externalities.

8 Conclusion

The recent global financial crisis 2007-08 exposed vulnerabilities in the derivatives market architec-

ture, which was dominated by uncleared trades. The introduction of mandatory central clearing

30In canonical models, end-users buy derivatives to protect themselves against risks outside of derivatives markets
(Biais et al., 2012, 2016). In this case, they forego hedging benefits when choosing a portfolio that is less directional than
the one that provides full insurance.
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has clearly increased transparency in derivatives markets; however, was it successful in reducing
counterparty risks in derivatives markets, as well, and, if so, have all market participants bene-
fited?

To address these questions, we present a theoretical analysis of the impact of central clearing on
default losses in derivatives markets. We focus on loss sharing in central clearinghouses, namely
the allocation of losses caused by the default of some clearing members to surviving clearing
members. We show that the effect of loss sharing on entities” expected default losses, relative to
an uncleared market, can differ substantially across market participants and is highly sensitive
toward the directionality in market participants” derivatives portfolios, loss sharing rules, and
market characteristics.

In particular, our results show that market participants with flat portfolios, e.g., dealers, dis-
proportionately benefit from loss sharing compared to an uncleared market—at the expense of
entities with directional portfolios, e.g., end-users. Because clearing participation is affected by
market participants” objective to reduce counterparty risk (FSB, 2018; Bellia et al., 2023; Vuille-
mey, 2020), our result is consistent with the reluctance of end-users to participate in loss sharing
in practice. The result emerges due to sharing of default losses among surviving clearing mem-
bers proportionally to their net portfolio risk. While this is current standard practice, we contrast
this rule with alternative loss sharing rules that take gross risk into account. We show that such
alternative rules can remove heterogeneity across market participants in clearing benefits.

Finally, we ask why, nevertheless, net-based loss sharing prevails in practice. We show that a
profit-maximizing CCP might prefer dissuading end-users from central clearing in order to max-
imize the fee volume it can extract from dealers, rather than to maximize the number of clearing
members. In this case, choosing a net-based loss sharing rule is optimal for the CCP. Our results
emphasize loss sharing rules as a crucial determinant of clearing participation and, thereby, have

important policy implications for the optimal design and regulation of central clearinghouses.
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Figure 1: Timeline of the model.
Losses due to counterparty default occur between time ¢ = 0, the most recent date where contracts have been marked to market and
counterparties might default, and time f = 1, at which time the portfolio is settled.
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Figure 2: Impact of central clearing on the expected aggregate default loss.

The figure depicts the impact of central clearing on the expected aggregate default loss, as implied by Proposition 3.
We fix the parameters to K = 10, ayc = 0.99, ¢ = op = 1, B = 0.3, and vary #,¢; on the x-axis for different values of
accp, namely small (xccp = 0.98), moderate (xccp = 0.99), and large («ccp = 0.995).
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Figure 3: Impact of central clearing on expected default losses in a core-periphery network.

The figures depict the impact of central clearing on the expected aggregate default loss, as implied by Proposition 3
as well as for peripheral and core entities as implied by Proposition 8. We fix the parameters to Gpey = 1, 7 = 0.05,
N =21,K=10,ayc = accp =099, 0 =op =1, B = 0.3, and vary N in figure (a) and B in figure (b).
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Figure 4: Impact of central clearing on expected default losses with varying loss sharing rules.
The figures depicts an exemplary core-periphery network as defined in Assumption 2. We vary the weight of gross risk
J in the loss sharing rule w(d) on the x-axis. Larger ¢ corresponds to a larger weight of gross relative to net risk in loss

sharing.
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A Loss Sharing Rules in Practice

We investigate the Default Rules of LCH Limited Rates Service, one of the largest clearinghouses
worldwide, as of September 2022 (available at https://www.Ich.com /resources /rulebooks /lch-limited).
Using the terminology of default rules (we report the relevant excerpts of the rule book below), a
clearing member i’s default fund contribution is approximately equal to

Contribution; ~ Non-Tolerance Contribution; (45)

= Non-Tolerance Amount X Non-Tolerance Weight; (46)

Uncovered Stress Loss;

= Service Fund A t 47
ervice Fund Amount x Z]- Uncovered Stress Loss; (47)
Stress Loss; — Margin;
~ Total Uncovered Stress Loss X — o0 00 argln.l (48)
)j Stress Loss; — Margin;
VaR;

~ ) VaR; : 49
L VaRi X S, 49
= VaR; = _5iq)_1(“stress)/ (50)

where, in the first step, we ignore an additional (“tolerance”) contribution that is related to tem-
porary forbearance of initial margin.!*! In the final two steps, we assume that the stress testing
approach (which determines stress losses) resembles a Value-at-Risk approach with confidence
level agress and is additive (as in the case of a Normal distribution), in which case the contribution
is equal to entity i’s portfolio Value-at-Risk.

According to default rule 21 (b), loss sharing contributions are proportional to default fund
contributions, which implies that entity i’s allocated share of default losses equals

(7'1'@_1 (“stress) — 5—1
Z](l — D]')(_qu)fl(“stress) Z](l - D]')a-]',

(51)

which is equivalent to loss sharing based on net portfolio risk.
Finally, Swapclear’s Default Fund Supplement rule S1 (a) implies that the default fund must
be replenished within 30 days after default events.

In the following, we provide the relevant excerpts from the LCH Limited Default Rules (as of
September 2022):

IATRule SC2 (i) on page 113 states: The “SwapClear Tolerance” which shall be the aggregate amount of temporary initial
margin forbearance provided by the Clearing House to SwapClear Clearing Members to enable registration of SwapClear Contracts.
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From Schedule 6 Rates Service Default Fund Supplement - Part A Rates Service Default Fund
Supplement - Swapclear S1, p.127 ff.:

(b) the “SwapClear Tolerance Weight” of an SCM [...] shall be calculated by dividing (x) the
average SwapClear Tolerance Utilisation of the relevant SCM during the 20 business day pe-
riod preceding the relevant SwapClear Determination Date [...] by (y) the total of such average
SwapClear Tolerance Utilisations of all Non-Defaulting SCMs |[...]

(c) the value of the “SwapClear Tolerance Contribution Amount” of: (x) an SCM [...] shall be
calculated by multiplying the SwapClear Tolerance Amount by the SCM’s SwapClear Toler-
ance Weight [...]

(d) the “SwapClear Non-Tolerance Amount” shall be the value of that portion of the Rates Ser-
vice Fund Amount - SwapClear after deducting the SwapClear Tolerance Amount

(e) the value of the “SwapClear Non-Tolerance Contribution Amount” for a given SCM [...]
shall be calculated by multiplying the SwapClear Non-Tolerance Amount by the SCM's Swap-
Clear Non-Tolerance Weight

(f) the “SwapClear Non-Tolerance Weight” of an SCM shall be calculated by dividing (i) the
Uncovered Stress Loss [...] by (ii) the total Uncovered Stress Loss [...]. An SCM’s “Uncovered
Stress Loss,” [...] shall be determined by the Clearing House [...] by, inter alia, deducting the
amount of eligible margin held by the Clearing House with respect to the relevant SwapClear
Contracts [...] from the stress loss [...]

(g) the “SwapClear Contribution” of: (x) an SCM [...] shall be the sum of (i) that SCM'’s
SwapClear Non-Tolerance Contribution Amount [...] and (ii) that SCM'’s Tolerance Contribu-
tion Amount [...]

From Schedule 6 Rates Service Default Fund Supplement CS2, p.112 ff.:

(b) “The “Non-Tolerance Amount” which shall be the sum of: (1) the Combined Loss Value -
Limb (1); plus (2) an amount equal to 10 per cent of the Combined Loss Value - Limb (1)”

From the general default rules 21 (b) (p.21):
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the amount due by a Non-Defaulting Clearing Member in respect of an Excess Loss shall [...]
be the Non-Defaulting Clearing Member’s pro rata share of such loss arising upon the rele-
vant Default calculated as the proportion of such Non-Defaulting Clearing Member’s relevant
Contribution [...] relative to the aggregate relevant Contributions [...] of all Clearing Members
engaged in the Relevant Business other than the relevant Defaulter at the time of the relevant
Default.

From Schedule 6 Rates Service Default Fund Supplement - Part A Rates Service Default Fund
Supplement - Swapclear S1 (a), p.127:

[...] following a Default, any determinations on a SwapClear Determination Date and any such
SwapClear Determination Date which might otherwise have occurred under this Rule S1 shall
be suspended for the duration of the period (the "SwapClear Default Period”) commencing on
the date of such Default and terminating on the later to occur of the following dates:

(i) the date which is the close of business on the day falling 30 calendar days after the Rates
Service Default Management Process Completion Date in relation to such Default [...];

and

(ii) where, prior to the end of the period referred to in sub-paragraph (i) above [...] one or
more subsequent Defaults (each a "Relevant Default”) occur, the date which is the close of
business on the day falling 30 calendar days after the Rates Service Default Management
Process Completion Date in relation to a Relevant Default which falls latest in time [...].
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B Additional Results: Counterparty Risk Exposure

Corollary IA.1. The larger derivatives’ systematic risk exposure, the more beneficial is central clearing for

counterparty risk exposure, ag; L <0.

Central clearing reduces counterparty risk exposure if, and only if, n; < 17, i.e., if directionality is
sufficiently low, with 7 = % € (0,1). The larger the number of derivative classes K, the lower

is the portfolio directionality required for central clearing to reduce counterparty risk exposure, g—z < 0.
Figure IA.1 illustrates this result.

Proof. Using Proposition 1 and Lemma IA.2, it is

JAE; 9 f(K-1) 9 f(1)

o6 9 fK) ' TPFK)

<0. (52)

Moreover, it is

| _f(K) — f(K=1)
AE; <0 & 1, < 1) . (53)
Hence, 77 = % Since it is % = 1for K = 1and f(K) — f(K — 1) is strictly
decreasing with K (see Lemma IA.2), 7 < 1 for all K > 1. The remaining result follows from
9 _ 9 f(K) — f(K—1)
oK~k fay) ¥ ©4)
using Lemma IA.2. ]
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Figure IA.1: Maximum directionality for clearing to reduce counterparty risk exposure.

The figure depicts the function % = VK~ K—1 for B = 0. If entity i’s portfolio directionality #; exceeds
the function, central clearing does not reduce but increases counterparty risk exposure, i.e., is not beneficial. Instead, if
1; is below the function, central clearing reduces counterparty risk exposure, i.e., is beneficial.
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C Additional Results: Cost of Collateral

In our baseline model, collateral protects counterparties against losses but we abstract from the
cost of posting collateral. In this section, we extent the model by including a cost of collateral.
Specifically, we denote by c > 0 the marginal cost of collateral. Thus, the collateral cost for entity i
is cCiI; for uncleared positions with j and cC? for cleared positions with the CCP. For consistency
and without loss of generality, we assume that collateral costs arise only upon an entity’s survival.
Then, the impact of central clearing on expected default losses and collateral costs is given by
E[(1 = Di)(DL ! + e jen; Cf ' 4 ¢CEP) + LSCY)

ADLC; =
! E[(1—D;)DLK +cYic p; cg]

(55)

Whereas in the baseline model (with ¢ = 0) a higher collateral requirement is unambiguously
beneficial, with ¢ > 0 it trades off with higher collateral costs, as we show in the following propo-

sition.

Proposition IA.1 (Costly collateral). Assume that at least two entities have a portfolio that is not per-
fectly flat. Then, ADLC; is equal to

fK=1)  f(1) &(acep) ™2 E [H] + e (accp)
fK)  f(K) g () + e (tyc)

ADLC; = -1, (56)

Yty DiGij

where H = wi(5)+Z]-AL1,]-#(1—D]')wj(z5)'

(1) If entity i has a flat portfolio, n; = 0, then the impact of central clearing on expected default losses and
ADLC; _
7 daccp )

collateral costs is decreasing with the CCP’s margin requirement

(2) If entity i’s portfolio is not flat, ; > 0, and accp > 0, there exists 0 < & < oo such that the impact
of central clearing on expected default losses and collateral costs is decreasing with the CCP’s margin

requirement if, and only if, the marginal cost of collateral c is below ¢,

dADLC;
daccp

<0 & <@ (57)

Proof. Using Lemma 1, the collateral posted by entity i to the CCP is equal to

CrP = 59 Naccp) = 1iGif (1)@ (accp). (58)
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The total collateral posted by entity i to its bilateral counterparties in uncleared derivative classes
1,..,Kis equal to

Z CiI]<‘ = Z 0] f(K) D™ (D‘MC) Gif(K)q)il("‘uC)- (59)

jEN; jEN;
Then, ADLC; is equal to

E[(1 = D) (DL + ¢ jen; Cf 4 ¢CFP) + LSCY]
E[(1— Di)(DLE + ¢ Zjen; CF)]
E[(1 - D;))(DL{ " +¢Gi(f (K = 1)@ (aue) +17:f (1)@ (accp))) + LSCY]

- TE((1— Dy (DEX + cGif (K0~ (aue))] - oy

ADLC; = (60)

Using Propositions 2 and 4 and following the steps in previous proofs, the impact of central clear-
ing on the expected default losses and collateral cost of entity i is then given by

(1 — 7'[) (ﬂGiC(Déuc)f(K — 1) + C((chp)wi(5)lE |: e )J,-ZZI]\I ll]jZi(?ﬁ]gj)wj((s)])

ADLG = (1= 70) [2GiZ (@ne) f(K) + cGof () ()] ©2
(1= 70) (cGi(f(K = 1)@ (auc) +1if (1)@ (accp)))
U 1) MG @) fK) + Gif () T(w)] ©3
o S R [ EE s
- f(K) nC(zxuc)f( )+Cf( ) Haue)
_f(K=1) | f(1) é‘(“ccp)wéf)]E [H] + cii @ (accp)
ST TR0 ) e ) ©>)
Z/ 1,j ,DG] ]
where H = <>+zN1;<1 g)w,w)
The derivative of ADLC; with respect to accp is equal to
dADLC;  f(1) & (accp) A E [H] + i e T (66)
daccp f(K) 8 (aue) + D (ayc)
) - ¢11 iccipccp)) wgf)lE [H] + Cﬂim (67)
f(K) ¢ (aue) + c @1 (ayc)
_f(1) 1 o wi(9)
= ) 9T a8 Ty (e~ (L ecen) GV E ), (69
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using Lemma IA.2 and that the inverse function rule and the properties of the Normal distribution
imply that

o0 (accp) 1
onccp N @' (O 1(acep)) (69)
- 1 = : = ! (70)
P@ Tacer) — p(—® (1 —accr)) (@ 101~ acep))

By assumption, accp € [0.5,1) and, using that at least two entities have a non-flat portfolio and
>0, E[H] > 0.

. dADLC;
(1) Clearly, if ; = 0, then e < 0.

(2) If 7; > 0, then

dADLG;

<0< c<(l1—an
alXCCP ( CCP)

E [H] > 0. (71)

O

For entities” with a flat portfolio (17; = 0), there is no collateral requirement due to zero net port-
folio risk. Instead, for entities with 77; > 0, a higher collateral requirement for cleared positions,
accp, increases the benefit of central clearing (i.e., reduces ADLC;) only if c is small, as we show
in Proposition IA.1. In this case, the beneficial impact of collateral on default risk dominates. If,
instead, c is sufficiently large, the adverse impact on collateral costs undermines clearing benefits.

The effect of the marginal cost of collateral c on ADLC; is not obvious ex ante because it affects
both cleared and uncleared positions. The following proposition sheds light on the role of ¢ in
core-periphery networks when losses are shared based on net risk and collateral requirements are
the same for cleared and uncleared positions.

Proposition IA.2 (Costly collateral in core-periphery networks). Consider a core-periphery network
and loss sharing based on net risk. Assume that a,e = accp. Then, for any entity i € {1,..., N}, the
impact of central clearing on expected default losses and collateral costs is decreasing with the marginal cost
of collateral,

dADLC;
—_— <<

- 0. (72)

Proof. Let g € Nper and § = 0. Using Proposition 4, the proof of Proposition 8, and that 7, = 1, it
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is

D;z;
B[LSCg) = (1 - mE(xcer)2E | - é’:j]’:( = 55, (73)
= (1= mElocer) GV | —— <1>Zf£§€i§ Z’fif gj)m | o
= (1= mElocer) Gl IV | fggjijfﬁjm : 5
= (1 - m)Z(accrnsGef () L 1T )
— Gyt - E{acen) (1) T )

and, therefore,

E[(1 = Dg)(DLE™ 4 ¢ Yje, Cf " 4 ¢CEF) + LSCy]
ADLC, = -1 (78)
E[(1 - Dg)DLK + chGNg K

(1= 1) (7Gyl (@) f(K — 1) + Gy (ecp) f(1) EE2 1)

T - ) [RGE (ma) F(K) + G f (KD ()] 7)
(1= ) (cGo(F(K= 1)@ (@) + F()®accp)) )
(1 —7) [Gg&(auc) f(K) + cGg f (K) D (auc) ]
_f(K=1)  f(1) mg(accp) 22 4 e (wecp) B
“TRK AR e £ e T b e
The derivative of ADLC, with respect to c is equal to
IADLC,  f(1) @ Maccp)E(ttuc) — @ (mue)&(accp) mn )
oc - nf(K) (¢ () + @1 (aye))? .
If w,c = accp, then aADCLCg < 0if, and only if,
1—mw<1—?N/3-1 (83)
&> N (84)

which holds since 2N/3 —1 >1 < N > 3 and 7 < 1, which hold by assumption.
If h € Neore and for lim § N\, 0, using Proposition 4 and (the notation from) the proof of Propo-
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sition 8 it is

lim §Hj, = P(Dyper) lim Ay + (1 — P(Dper)) lim A, (85)
o0 0—0 0—0
= 7-[2N/3 6Gper 1-— 7TN/3 (86)
(N—=3)+6Gpy 1—m
and
- Y40 Dio
lim E[LSCy,] = lim(1 — )& (accp) (3Z) + 04)E | <o—— — _
5\0 5\O 88y + 0+ LNy iz (1 - Dj)(6L5 4 0))
= (1 — )& (accp)Ly lim 6Hj, (87)
SN0

= (1 - m)&(accp)Grf (1) N3 (88)

(N—=3)+6Gp, 1—m !
and, therefore, using that #;, = 0 and for lim 50

E[(1— Dy,)(DLy " + ¢ Yjen;, G +cCP) + LSC]
ADLC), = — R —— -1 (89)
E[(1 — Dy) DLK + ¢ Ljen;, CK]

(1-m) (nchaauc)f(K 1)+ &lacep) Guf ()N 5 11”’!3)

- (= 70) [1G (tu) F(K) + cGnf () ()] 0
(1= ) (<G (K = D)@ (aue) + F (U accr)
A ) G fK) + Grf (K w)] oD
A=) | ) Seeen N et s ©2)
FK) AR ) o () :
which is decreasing with c. O

In core-periphery networks, expected loss sharing contributions per unit of cleared risk f(1)
are smaller than expected uncleared default losses per unit of uncleared risk f(K) (see Proposition
8). A larger marginal cost of collateral c amplifies this difference between cleared and uncleared
positions and, thereby, increases relative clearing benefits. This effect is particularly pronounced
for core entities, which do not post collateral to the CCP due to their flat portfolio. In this case,
a larger marginal collateral cost increases only the cost of uncleared but not of cleared positions,
amplifying clearing benefits.
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D Additional Statements

In many proofs, we make extensive use of the following property of the Normal distribution: For
Y ~ N (u,0?) the truncated expected value is givenby E[Y | Y > 0] = u+ 0 9’21()(;" /a ‘?, and thus
E[max(Y,0)] =E[Y | Y > 0|®(u/0) = u®(u/c) +oe(—u/c), where ¢(-) and ®(-) denote the

probability density function and the cumulative density function of the standard normal distribu-

tion, respectively. From this property, we derive the following lemma:

Lemma IA.1. Let Y ~ N(0,02) and C = c® ! (a) with & € (0,1). Then,
E[max(Y — C,0)] = 0¢(a), (93)

where &(a) = (1 —a)® (1 —a) + (P (a)) with &(0.5) = ¢(0), &(x) < 0,0 < &(a) < ¢(0) for
alla € (0.5,1), and &(a) — 0 for a — 1.

Proof.
E[max(Y —C,0)] = (—C)®((—C)/0) +op(C/0) (94)
— (0@ (@)D ((~0® (1)) /0) + cp(0®(2)/0) (95)
=0 [(=o7 (@)@ (—07(w)) + p(@7 (w))] %)
=0 [(~o @)@ (7' (1-0)) + (@7 (w))] ©7)
= og(a) (98)
with &(a) = (1 —a)® (1 —a) + ¢(® '(a)), where we use that —®1(a) = & 1(1 —«a). If
a = 0.5, then it is &(a) = 0.5071(0.5) + ¢(®~1(0.5)) = ¢(0). Using that ¢'(x) = (—x)¢(x) and
the inverse function rule, the first derivative of ¢ is equal to
1oy _ (—1) _ _ 1
2(0) = (<1)®~ (1 =) + (1= ) gz + (~0 @)@ () gy
_ - (=1) -
=(-1)® 1(1—0c)+(1—0¢)m+(—® ")) (99)
NV PSR St S S DO e S
= (-1)d (1-0) At (1-a) Je Ay <% (00
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Moreover, it is

lim (1 — a)® (1 — &) + lim @(®1(a)) (101)
a—1 a1 N —
. 1—«a
=TT —w) (102)
~1
=1 103
w1 (1) % (@11~ ) 2 X gty % (1) (109)
=lim (1) x (@7 (1= a))* x (@7 (1 - a)) (104)
—lim(—1) x (q’fl(ll_"‘))Z (105)
a—1
(@ 1(1-a)
2xd (1 —a) x -G
= lim(~1) x — i (2 Y >/< po -0 - (106)
a1 (1) x (p(@71(1—0a))) 2 x ¢/(® 11 —a)) x 2@ T1=a)
2xd1(1—a) x T
—lim(—1) x @ (70 X g - (107)
a—+1 (1) x (p(@71(1—a))) 2 x (=211 —a)) x p(P71(1 —a)) x 2@ T1=a)
o 2x @M1 —a) x (p(@ M (1-a)))> -1 _
i T — ) xp@ 1w am(2)xe(@ (1 -a) =0, (108)

using L'Hopital’s rule and the inverse function rule. Together with ¢'(«) < 0, this implies 0 <
¢(a) < ¢(0) for all « € (0.5,1). From the above, it follows that ¢(«) — 0 for & — 1. O

Another result will be useful:

Lemma IA.2. Define f : (0,00) — (0,00) by f(K) = /B?02,K?+ 02K with 0,B,0m > 0. Then,
f'(K) >0, f"(K) <0, and forall K > 1itis

d

2 F(K) ~ F(K~1)] <0, (109)
Moreover, it is % = 5;%(1;2, and %J{E%; < 0forall Ky,Ky with 0 < Ky < Ky and B > 0.
: _ : _ @22 52 2 o ) — 2BoyK+a?
Proof. Rewrite f(K) = /X(K) with X(K) = B*0yK* 4+ 0°K. Itis f'(K) = 7/X® > 0 and

282022\ /X(K) — % (2f202K + 02)
£1(6) = S ,

(110)
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which is negative, if and only if,

AB%0y X — (2p%0mK + 0%) (203K + 0%) < 0

& 2p%03(2X — K(2B20K + 0%)) — 0 (2B 03K + 0%) <0

& 4p%o3 (X — (BPoyK* + %K) —c* < 0

=X

& —ot <o,

(111)
(112)
(113)

(114)

which holds by the assumption that ¢ > 0. Thus, f'(K) < f'(K — 1) and, therefore, -3 [f(K) —
f(K—=1)] = f/(K) — f/(K—1) < 0. The derivative with respect to g is straightforward to calculate.

Because f(K) > 0 for all K > 0, for Ky, K, > 0itis

2 f(K) L, 2 X(K)

9B f(Kz) 9B X(Kz)

<0,

which, if B > 0, is equivalent to

9 oK+ oKy
8,8 ﬁZO%AK% + (72K2

& 2B K3 (BP0 K3 + 0?Ky) — 2Boa K3 (2o K3 + 0?Kq) < 0

& 0?(K2Ky — K3Ky) + B?oa (K3K? — K3K3) < 0
&% (K —Kp) <0 < K < K2
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E Proofs for Section 4 (Counterparty Risk Exposure)

Lemma 1 (Portfolio risk). The standard deviation of entity i’s portfolio in a given derivative class is given
by

0; :Gim\/ﬁzaﬁl—kcﬂ. (4)

Proof. The standard deviation of the portfolio in derivative class k is given by

7; $ var ( ). XZ) = \lvar ((5M+€K) )3 Uf]) = (Broy +?)
JEN; JEN;
=Gmi\/m- (20

O

2 v

JEN;

(120)

Proposition 1 (Impact of central clearing on counterparty risk exposure). The impact of central
clearing on entity i's counterparty risk exposure is equal to

(&) ®)

where f(K) = y/B?02, K2+ 02K. The larger the portfolio directionality n;, the less beneficial is central

clearing for counterparty risk exposure, o > 0

Proof. The impact of central clearing is equal to

GFK=D)Gnf() . fK=1) 4+ nf(1)
AE; = G (K) ! (&) b (122)

where f(K) = /B?0%,K? 4 02K. Clearly, AE; increases with 7;. O

F Proofs for Section 5 (Default Losses)

Proposition 2. The expected default loss of entity i's uncleared positions in derivative classes 1 to K is

equal to

E[DLE] = nGi¢(auc)y/ Broa K2 + o2K. (11)
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Proof. Entity i’s expected default loss of uncleared positions in classes 1 to K is given by

E|DLf| = ¥ E

D, max (2){ cﬂ, >] (123)

JEN;
=n Y E |max (Zvl] (BM + o€*) — cﬁ,o)] (124)
JEN; k=1
=7 ;v \/ﬁ2a§41<2z; -+ Ko2022 (ayc) (125)
)

= nG;i¢ (e )/ BP0 K2 + 02K, (126)

where we use that defaults D; are distributed independently of profits XZ, that

K
cﬁ = VaR,,, (Z X}@) (127)
k=1
K
k=1

= | var <— i X’;) D (ay) (129)

K
Y Xk]) D ay), (130)

and Lemma IA.1. ]

Proposition 3 (Impact of central clearing on the aggregate default loss). The expected aggregate
default loss with central clearing is equal to

N
ADL = 7t Y_" G; (&(accp)nif (1) + &(aue) f(K— 1)), (13)
i=1

where f(K) = /203, K? + 02K. The impact of central clearing on the expected aggregate default loss is

equal to

ADL—Y N, DLE  &(accp) F(1) f(K-1)

AMDL=""o8 DIk~ el fR) TR

—1, (14)
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o |ZjeNi vij|

where Nagg = V. G

is the average net-to-gross ratio. AADL < 0 holds only if

G uc)
flagg < G(accp)

Proof. The CCP’s expected total default losses is given by

K CCp
D]-max(z Xg]-—Cj ,O)]
gEN;

Y. vgi(BM + o) — CFCF, 0) ]

8EN;

N
E |[DLCF| = Y F
=1

= ni]E lmax (

j=1

N
L \/var( Y 0 (BM +0eX)) & (accp)
j=

with f(K) = |/ B20%,K? + 02K, where we use that
ccp K
CP = VaRaee, | Y XK

g=1

= \ var (i X§]> CD_l(IXCCP),

(15)

(131)

(132)

(133)

(134)

(135)

(136)

(137)

(138)

(139)

and Lemma IA.1. Together with Proposition 2, the expected aggregate default loss with central
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clearing is thus equal to

E | DLCCP + % DLK! (140)
i=1
N N
= & (acep) f(1) Z Gini + Y mGi&(auc) f(K—1) (141)
i i=1
N
Y Gi (&(cce)yif (1) + ¢ (aue) f(K = 1)) (142)
i=1
and without central clearing it is equal to
N N
E ) DL | = 7g(auc) ) Gif (K). (143)
i=1 i=1
The derivation of AADL is straightforward. AADL < 0 is equivalent to
¢(accp) f(1) f(K-1)
) FROTE T g < (149
¢(accp) f(1) f(K—1)
Eoe) FR) 1 ST TRE) (149
& (ouc) . .
s < gy F(K) — FK 1) (146)
The statement follows from
¢(auc) . . &(auc) . _ & (auc)
S f@ O I E VS e ) Y O = ey )

using that f(K) — f(K — 1) is strictly decreasing in K for all K > 1 (Lemma IA.2) and f(0) =0. O

Corollary 1. Central clearing reduces the expected aggregate default loss, AADL < 0, only if at least one
of the following conditions holds:

® aye < accp
The latter condition is equivalent to min;e gy Ny 17 < 1.

Proof. From Lemma IA.1, ay. > accp implies that ¢(ay.) < ¢(accp) and, thus, ‘:‘3((“7%)) < 1. To-

gether with Proposition 3 the first statement follows. For the second statement, note that the

IA17



average net-to-gross ratio is a weighted average of individual entities’ net-to-gross ratio,

Z, Gm

148
21:1 G ( )

Nagg =

and, thus, 77,¢¢ < 1 requires that there exists at least one entity with 77; < 1. Vice versa, if there
Gj”j—"_zrl\il,i#]' Gi’]i < GU]J'_Zl 11#] < 1 D

xists at least one entity j with #; < 1, then =
exists at least one y ] i < en age G < TV G

Proposition 4 (Expected loss sharing contribution and the impact of central clearing). With the loss
sharing rule w(9), clearing member i’s expected loss sharing contribution is equal to

EILSCi(6)] = (1~ m)Z(accr i (o) E e ] o
1 Z w;(8) + L (1 — Dj)ew;(6)
The impact of central clearing on i’s expected default loss is given by
fK=1) | wi(8)f(1) E(accp) 1 Ly DiGyl
ADL; = —E -1 22
FK) T TGHK) G 7 [ i(0) + L (1 — Dy)awy(4) )

Proof. The expected loss sharing contribution of entity i with loss sharing rule w(d) is given by

E[LSC;] = P(D; = 0)E Zﬁl(lzﬁ(zi)j)ij) DLECP | D, = 0
PDi=0F [2%“1<1M(5)])w](5) & Dyma (gz G CP’O) =0
=(1-n)E |E S wi(fS))w]((s) ]Z;Dg accp)d; | Dy, .. | D; =0
=01 Pecer O | oo ?1D;M&|a:o

Zj 1,j#i Dja;

=(1—rm)¢(a w; (0
(1 —m)&(accp)wi(0)E i(0) + T (1 D)w](é)]

4

LCCP

using the definition of D and the law of total expectation.
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Using Proposition 2, the impact of central clearing for entity i is then given by

(1= )G (uc) f(K = 1) + (1 — )& (accp)wi(6)E [ ~r )+§fv 11/1:(11) 5 )w](&):|
(1 — ) tGi¢(auc) f(K) !

_fK=1)  wi(d) Elacer) f(1) p iz DiGitj ] _1
f(K) Gi Glaue) mf(K)™ | wi(8) + X, (1 — Dj)w;(6) '

ADL; =

O]

Corollary 2 (Aggregate loss sharing contributions). Conditional on at least one clearing member sur-
viving, aggregate loss sharing contributions are equal to the CCP’s total default loss.

Unconditionally expected total loss sharing contributions are equal to the CCP’s total expected default
loss scaled by the survival probability of N — 1 clearing members:

LSC;(6 (1—naN"YE |DLCCP| . (23)
Z )E |
Proof. If YN, D; < N, then
N (1 - D;)w;(é
Z;LSC - EN E Z;z"uzgé; DLECP — pLCCP, (149)

Analogously to the analysis in the proof of Proposition 3, if all clearing members default, then the
CCP’s default loss is equal to

N
DLC“" | Y"D; =N
i=1

E

N N
=E Zmax ( Z Cl-CCP, 0>] = Z Gﬂ’]i(:(oéccp)f(l). (150)
i=1 i=1

JEN
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Finally, by the law of total expectation, it holds that

N
DLS" | Y"D; = N]
i=1

N N
+IP<ZD1-<N>]E DL“" | Y D; <N (151)
i=1 i=1
N N
<P (Y. D;<N|E|DL“" | Y D; < N| = E[DL“"]
i=1 i=1
N N
~P|Y.D;=N|E|DL“’ | Y D;=N]|. (152)
i=1 i=1

Hence, one can rewrite the expected aggregate loss sharing contributions as follows (using Propo-
sition 3 and that LSC; = 0 for all i if ¥, D; = N):

N N N N
E ZLSCl :IP<ZD1<N>IE ZLSC1|ZD1<N] (153)
i=1 i=1 i=1 i=1
N N
=P (Z D; < N> E |[DL“? | Y"D; < N] (154)
i=1 i=1
N N
= E[DL“"] - P <Z D; = N) E |DL“P | Y"D; = N] (155)
i=1 i=1
N N
=Y GiniG(accp)f(1) — ™ Y Gimid(acep) f(1) (156)
i=1 i=1
N
= (1 -V Y Gmié(accp)f(1) (157)
i=1
= (1-7V"YE [DLCCP} . (158)
O

Proposition 5 (Loss sharing based on net risk). The impact of central clearing on the expected default
loss of entity i is equal to

Ltz DiGi
(6 +7:)Gi+ Ly (1 = D)) (8 +1j)G;

~1, (24

1
Eloe) fK) T
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dADL;

(a) decreasing with the collateral requirement for cleared contracts, ;="

9ADL;
. >0

< 0, and increasing with the
collateral requirement for uncleared contracts,

(b) increasing with the number of derivative classes, aAaiLi > 0, if, and only if, xccp > ¢, wherec > Qisa

constant,

(c) decreasing with the systematic risk exposure, BAB%L" < 0.

Proof. Using Propositions 2 and 4, the impact of central clearing for entity i is given by

(1— )G (ue) FK — 1) + (1 — 1) (acep) (55 +rf,->1E[ Lt Dy }

ADL — 52i+5'i+2j’i1,j%i(l_Df><5if+‘?])
T (1= m)7Gig(auc) f (K)
25\1:1,/# D;Gjn;f(1) :|
1

(1= WGl (K 1)+ (1 = mE{wcer) G+ 1)Gf (E | oo S POl
(1= m)7Gig (aue) f(K)
Y12 DiGitj
(6 +1)Gi + Ty (1= D)) (6 +1)G;

S(accp) f(1)

1
Saue) f(K) ;]E

K-1 «
= + (0 +7i)

7

where f(K) = /B2y, K? + 02K, using that D; and D; are independently distributed for i # j.
Define N

L1 DiGilli
Gi(6+ i) + Ly j2i(1 = D))Gi(8 + 1))

H=L1E
7T

Itis H > 0.
(@) The derivative of ADL; with respect to accp is equal to

dADL; _ {'(accp)
daccp & (tuc)

(5+;71-)J]:((11<)>H <0 (159)

and the derivative with respect to a,, is equal to

JADL; _ _‘:l(lxuc)g(“CCP)

I e O e HgH >0 (160)

f(K)

using in both cases that ¢’ («) < 0 from Lemma [A.1.
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(b) The derivative of ADL; with respect to K is equal to

IADL;  f'(K— g - / ) N
K=DFK) = 1K) [FK=1) + 1) (6 + ) e H|
- fA(K) /

which is positive if, and only if,

1K / _ « \Glaccp)
FK=DIE) > FK) K1)+ £0)(6 ) St ]
( —

o SE-DfEK) — fK)F(K=-1) 1 Elacce)

fI(K)f(1) (5+ ni)H & uc)
 (K=Df(K) - fIK)f(K=1) 1
@C ! ( f/(K f(l) (5+ﬂi)HC(“uc)> < &ccp-

(c) The derivative with respect to 3 is equal to

dADL; 9 f(K—1) ¢ (accp) , @ f(1)

b op F& T e Tap K

<0,

using Lemma [A.2.

(161)

(162)

(163)
(164)

(165)

(166)

O]

Proposition 6 (Loss sharing based on net risk: directionality). Assume that at least three entities have
a portfolio that is not perfectly flat. Consider two entities h,g € {1,..,N},h # g, with G, > Gg. Then
there exists ¢ < 0 such that the following holds: if entity h exhibits a lower portfolio directionality than g,

1n < g, and either i, = 0 or 17, < 1, + ¢, then the impact of central clearing on the expected default loss

is smaller for h than for g,

ADL, < ADL,.

(25)

Proof. Consider two different entities 1, ¢ € {1,..., N}, h # g. By assumption, there exists at least
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one other entity with positive net risk, w ¢ {h, ¢} with Gy, > 0. Fori € {h, g}, define

N . DG
H =F | — L S I (167)
| (0 +7i)Gi + X2y (1 = Dj) (0 +177)G;
E [ L=y DgGeng + 1iiz gy DuGpipp + Zjl\il,jé{h,g} D;Gjn; (168)
| (1= 142y Dg) (6 + 17g) Gg + (1 = L(i—gy Dp) (8 + 1) G + S i g1,y (1 — D) (6 +177)G;
E [ D(14j—p Ggitg + 1{i—gy Guitn) + A (169)
_(1 — 1{l:h}D)(§ + T]g)Gg + (1 — 1{1:g}D)(5 + T]h)Gh +B !

where we define by D ~ Bern(7t) a Bernoulli distributed random variable with success prob-
ability 7t that is indepenc}ent from D; for all j € {1,..,N}\{h,g}, A = jlil,jeé{h,g} D;G;n;, and
B = ij\il,jé{h,g}(l — D;)(0 +1;)G;. Using Proposition 5, ADL;, < ADL, is equivalent to

f(K-1) S(accp) f(1)

Hh—1<f(K_1)+(5+17g)

y 1 1
+ 5+ A I " H, -1 170
& O ) ) 7 ) Sawe) FR) 7S a70)
& (6+mn)Hy < (64 14)Hg (171)
< DGgng + A
& (§4+1,)E | — §18  — 172
0+ ) (0+1)G+(1—=D)(0+14)Gg +B 172)
. DGy + A
< (0+1)E | —= ——— (173)
1) (8 +1g)Gg + (1 — D)(6 +1,)Gy + B
5 D A 5 D A
oF | — (0 +mn)( (:Jg’7g~+ ) _ (0 +1g)( th’7h~+ ) <0 (174)
(0+1)Gy +(1—=D)(0+ng)Gg+B  (6415)Gg+ (1 —=D)(0+1,)G, +B
(6+11) (DGgng+A) ((8+175)Gg+(1—D) (8+11,) G+ B)
N IE{ ] _ —(F1) (DGt A) (+14) Gyt (1=-D) (5+11g) Gy +B) } 0
((6+11g)Gg + (1 — D) (& + )Gy + B)((5 +14)Gy + (1 — D)(3 + 1) Gg + B) (175)

=C

The denominator is almost surely strictly positive since § > 0, 17 > 0,and G; > 0 for all j. Assume
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that 77, < 17 and Gj, > Gg. Then, if § = 0, for the nominator it holds that

Wh(DGgWg + A)(173Gg + (1 - D)nGy + B) — Wg(DGhWh + A) (G + (1 — D)WgGg +B)

=A [ (113Gg + (1 = D)iuGy + B) — 11 (11Gp + (1 — D)113Gg + B)]

+ D [mnGgnig (ngGg + (1 — D)quGp + B) — 115Gyt (1uGn + (1 — D)1gGg + B) |
=A [y (113Gg + (1 = D)ituGp + B) — 173 (muGy + (1 — D)3 Gg + B) |

+ gD [ B (Gg = Gu) + (1= D)GuGy (1 — 1) + 115G — 1G]
<A [B(yn —1g) + 1n (15Gg + (1 = D)yuGy) — g (11 Gu + (1= D)1gGg) ]

+ gD [B (Gg — Gn) + Gy (175 — 11)]

<A [B(p —1g) +munig (Gg — Gn) + (1 — D) ((74)*Gn — (115)*Gg) ] + Dt Gy (115 — 11)

<A [(10)*Gn + g (Gg — Gn) — (115)*Gg] + DGinuig (i1 — 1),
using that D € {0, 1} implies that D(1 — D) = 0. Because for x > 0 it is

x*Gy + x11g (Gg = Gi) = (15)*Gg < 0

_ Tl (G — Gn) + \/(’7g)2 (Gg — Gu)” + 4Gy (175)2Gy

& e
2
Gi — Gy +1/ (G — Gy)? +4G, Gy
& x <1 2C,
G — Gg + 1/ (Gi + Gg)?
e x <1 2G,
G,—Ge+ G, +G
S x <1 gZGh $ =g,

if A > 0, then it holds that

A [(Wh)th + g (Gg — Gu) — (Wg)ng] < 0.

(176)

177)

(178)

(179)

(180)

(181)

(182)

Therefore, there exists ¢; > 0 such that Expression (176) is strictly negative if A > 0 and #7,774(17; —

i) < €1. Because the nominator of C is continuous in 5, there exists dy such that the nominator of

C is strictly negative if A > 0, n,175(17g — 17) < €1, and 6 < &. Let 6 € (0,p). From the definition
of A, T > 0, and the existence of an entity w ¢ {h, g} with Gy#,, > 0,itisP(A > 0) > 7w > 0 and
P(A < 0) = 0. Therefore, there exists 0 < ¢ such that if either 7, = 0 or 7, — 1, < ¢, then it holds
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E[C] = P(A = 0)E[C| A= 0] +P(A > 0)E[C| A > 0] (183)

GEnuttg (g — 1)
((6+1¢)Gg + B)((6 +1,) G + B)

<TP(A=0)7E +P(A>0)E[C|A>0] <0, (184)

>0 <0

<0

and, thus, ADL, < ADL,. O

Proposition 7 (Loss sharing based on net risk in homogeneous networks). Consider a homogeneous
network as in Assumption 1. Then, the impact of central clearing with loss sharing based on net risk on the
expected default loss of entity i with § = 0 is equal to

ADL; = f(K=1)  &(accp) f(1) 1—nN1

+ -1, 26
FR T ) fIK) 17 (26)
where f(K) = /203, K2 + 02K. ADL; is
(a) increasing with directionality, aAa[;Lf >0,

(b) increasing with the number of derivative classes, aAazL" > 0, if, and only if, 1 < ¢, wherec > O isa

constant,

(c) increasing with the probability of default, aAa?T L - .

Proof. Under Assumption 1, itis G = G > Oand n; = 7 > Oforalli = 1,..,N,. Then, the
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following identity holds:

N
_ L DiGi (185)
Gi(6+ 1) + X j2i(1 = D)) Gi(5+ 1)
G Yily iz D
_ ] ’ZVZJ—L]# ] (186)
G(0+1)+ Ljty, (1 = Dj)G(o + 1)
MvN N N
_ 15 Yjm1,j2i Dj = Ljt1,j#(1 = Dj) + X2y j4(1 — Dj) (187)
o+n | 1+ .(1-D))
r N
_ 1 g | N1l — D)) (188)
S+ 1+YN, ..(1-D))
U/ j=1,j#i j
=1 E — -1 (189)
o+n |[1+Y54(1—Dj)
Ny 1 1
- E|l— | —-=], 190
S+1 ( [1 + Y] N > 20
where Y ~ Bin(N — 1,1 — 7). Using the properties of the Binomial distribution, it is
1 1— 7N
E [1+Y] - N1-n) (191)

Plugging into the formula in Proposition 5 yields

ADLi:f(]If(Iz)l) +(5+17) ( ) ;((1?)711 (JE [1}”} —i,) ~1 (192)
= e e s (Rl ) 0
:f(ﬁ;)1)+(5+ ) é‘(" 1;)}{((;))7151 1_7T1N__7r1+ﬂ_1' (19
- e T

(@) The derivative with respect to portfolio directionality 7 is equal to

JADL; - g(tchp) f(l) 1— N1
o Glawe) f(K) 1—m

> 0. (196)
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(b) The derivative with respect to the number of derivative classes K is:

9ADL; _ f(K=D(K) = f(K)f(K=1) _ Elacer) fOFR)I—m"1 0,

dK f(K)? Clawe)  fK)? 1—m

which is positive if, and only if,

Slacer) FOF(K)1— %1 FIK— 1)F(K) — FK)F(K— 1)
T elw) FKE 1-m © K2 (198)
FK-DFK) ~ FOFK-1) &(a) 1-7 o9
F)F(K) Z(aeccr) T— a1’

where the right hand side is strictly positive because f'(-) > 0and f”(-) < 0 (see Lemma [A.2)
imply that f'(K—1)f(K) > f'(K)f(K—1).

(c) The derivative with respect to 77 is equal to

e <

(1)
o e f(K) -y 200
E(accp) f(1) 1—aN"1 — 7ZN=2(N - 1)+ aVN"1(N - 1) 201)
¢(auc) f(K) (1—m)?
_ Zlaccp) f1) 14+ naN"2(N—-2) — 2N"2(N —1)
= e () FK) (1= np 202
E(accp) F() 1+ aN2(r(N—-1) —m— (N —1))
E(ue) f(K) =y %)
E(accp) F(1) 1—N"2((N = 1)(1 — 7) + 71)
= (o) FK) 1= n)p | 20y
Note that ¢(N) = 1 — 7N72((N — 1)(1 — 7) + 71) equals zero for N = 2, g(2) = 1 — 7%(1 —
m+m) =1—1=0,and that
¢'(N) = —log(m) eV 2((N-1)(1 — mr) + 1) — 7V 72(1 — n) (205)
= V2~ log(m) (N = 1)(1 = ) +7) = (1= 7)), (206)
which is strictly positive if, and only if,
—log(m)(N-1)1—m)+m)—(1—m) >0 (207)
SN-1> —log(n)_lfn' (208)
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It is ﬁg(n) — £ <1 & log(n) < m — 1, which holds for all 7 € (0,1). Therefore,
L . T 1<N-1 (209)
—log(mt) 1—-m - ’

using that N > 2. Thus, ¢'(N) > 0, which, together with g(2) = 0, implies that g(N) > 0 for
all N > 2. Therefore,

dADL; _ &(accp) f(1) g&(N)
o7t g g(lxuc) f(K) (1 - 7T)

5 > 0. (210)

O]

Proposition 8 (Loss sharing based on net risk in core-periphery networks). Consider a core-periphery
network as in Assumption 2. Then, the impact of central clearing with loss sharing based on net risk as &
approaches 0 on the expected default loss of a peripheral entity § € Npey is equal to

apL, = [K=1) 1= Eacer) f(1)

FR T Ew) fK) )
and for a core entity h € Nore it is equal to
SO RN S S S
where f(K) = \/m.
For peripheral entities, central clearing is not beneficial, i.e., ADLg > 0, if, and only if,
1=V ) FR) - FK=1) a0

1-m ¢(accp) f(1)
Holding all other parameters fixed,
(a) if accp < e, there exists N < oo such that ADLg > 0 forall N > N,
(b) there exists K < oo such that ADLg > 0 forall K > K,
(c) there exists &yc < 1such that ADLg > 0 for all a,c > &yc.

For core entities h € Nore, central clearing is
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e beneficial, i.e., ADL;, < 0,if N > N for N < oo,

* and strictly more beneficial than for peripheral entities § € Nper, ADLy, < ADLg.

Proof. In the core-periphery network, the CCP’s expected default loss per loss allocation unit is

equal to
H; =E
=E
=

Zjl\il,jyéi D;Gjn;

Ifi e Nper, then

H =F

_ - _ (211)
(0 +7:)Gi+ X2 (1 = D) (0 + 1) G
YjeNyer i DiGilj + LjeNuw ji DiGjllj 212)
| Gi(0+1i) + Ljene,,jzi(1 = D)) Gi(6 + 1) + LjeNr,jzi (1 — Dj)Gj(0 + 1)
~ Gper Zje/\/pe:,j#i D] _ (213)
_Gz‘(‘S + 771') + Gper ZjeNpgr,j;éi(l - D]-)((5 + 1) + 6Gcore Zje}\fcm,]‘#i(l - Dj)
using that 7; = 1if j € Nyer and 17; = 01if j € Noore by Assumption 2.
~ ~ Gper Zje/\/,,g,,j;éi Dj _ (214)
GPL’V(l + (S) + GPW(l + (5) Z]'G.A/—pgr/j#i(l - D]) + (SGCOYC Zjef\[com(l - D])
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Ford =0andi € N, per, Hi is equal to (note that the expectation is well-defined since Gy, > 0)

r G : . D
Hi|;_ <E per L1 D) (215)
_Gpgr + Gper Zje-/\[perrj#i(l - D])
T YieN urj#i Dj (216)
| 1+ Ljewyizi(1— D))
_p [ Bietiii D1+ jeng s 1= D)) (17)
i 1 + Z].E./\/-per/j#i(l o D])
g | DNl (218)
| T+ Sjenjeizi(1 = D))
[ ’Nper’
. _1 (219)
_1 + ZjENpeh]’#i(l o D])
1
=|Nper|E -1 (220)
A YjeNperjzi(1 = Dj)
1 — 7 Nperl 1 — 7tVperl
SNy | g g 221
| Per||Nper‘(1_n) 1—-7m @20
where in the last step we use the properties of the Binomial distribution. Using that [N, | = 2

is the number of entities in the periphery, applying the dominated convergence theorem, and
plugging into the formula in Proposition 5 it is thus

lim ADL; = fK—1) +1lim(5 +#;

0 T ) F(K) 22)
e e (e ) e
- e for T
- e e
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Moreover,

(a)

(b)

lim ADL; > 0 (226)
fK=1) | &laccp) f(1) 1— N/
f(K) Claue) f(K) 1—-m
o Slacep) f(1) 1=V f(K) = f(K=1)

& ~1>0 (227)

>0 (228)
Slawe) f(K) 1-m f(K)
1— N30 Eae) f(K)— f(K-1)
& — > 0. 229
1-m &(accr) f(1) (229)
A
2 2N/3 1
A is increasing with N since 94 = (—log(m))35—— > 0,and itis
: 1 lae) f(K)—f(K-1)
im A = — , 230
N—co 1—m C(“CCP) f(l) ( )
which is positive if, and only if,
1 ¢(aue) f(K)—f(K-1)
> 231
T acer) S0 .
f(1) ¢(accp)
sSt>1-— . (232)
f(K) = f(K=1) &(ae)
>1

Note that % =1for K =1and R )f(f() - > 1 for all K > 1 since f(K) — f(K—1)
is decreasing with K (see Lemma IA.2). Since §(«) is decreasing with a (see Lemma IA.1),
if accp < aye, it is gé‘(xcfs) >1land 1 — f(K){(fl()K—l) Cg&i@) < 0. In this case, imyn_yc0 A > 0.

Therefore, if accp < aye, there exists N < oo such that lims ., ADL; > O forall N > N.

A is increasing with K and it is

1— 7.C2N/371

since 2¥ > 1. Thus, there exists K < oo such that lim; ,, ADL; > 0 for all K > K.
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(c) Since §(«) is decreasing with « and lim,_,; {(«) = 0 and £(0.5) = ¢(0), itis

1— 7.[2N/371

im A=——— >0,
oculclz}l 1—m > (234)

and, thus, there exists &, < 1 such thatlim; ., ADL; > 0 for all a,c > &e.

If i € Neore, then

5H; = E 5Gper Tienpw Dj (235)
| Geored + Gper Lje Ay (1= Dj) (14 8) + Geore LAy ji (1 — Dj)9
_ nger ZjENper D] (236)
Geored + Gper Ljenr,,, (1 — Dj) (14 6) + 8Geore Lienry,,izi(1 — D))
1= / ] 7 j
5Gper ¥ D:
=P(Dper)E i} per LjeNper 2j | Dyer (237)
Geored + GPc’r Z]'EN,M (1- Dj)(l +0) + 0Gcore Z]-E/\[wm].#i(l _ D])
SGper Z]GN or D] o
+ (1 = P(Dper))E S — g” L ‘ S Fos
core0 + per Z]GNpr.’r( ])( + ) + core Z]e/\[mn,,]?él( D])
5Gper YN, 1
o +4 . (238)
Geore0 + 0Geore LjeNoore,ji(1 = D))
=A;
SGper ng/\[ or D] o
+ (1 =P (Dyper)) E e : e Sn i A e — ol
core0 + per Z]GNper( ])( + ) + core Z]e,/\[cm,,ﬁél( D/)
=A,

using that D, and D, are independently distributed for n # m, where D;,, = {D € {0, 1N D; =
1VYj € Nper} is the set of states in which all peripheral entities default and D, its complement.
Since conditional on Dy, there exists j € Ny such that (1 — D;)(1+6) = 143 > 0, A, almost
surely has a strictly positive denominator and is, thus, well-defined for 6 = 0, which implies that
(using the dominated convergence theorem)

ljm Az =0.
0—0
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Moreover, for all § > 0, it is

A, — Noer|Gper o 1 _ [ Nper|Gper 1 — reorl (239)
! Geore 1+ Zjej\/’cm,j;ﬁi(l - Dj) Geore |-N—core‘ (1 - 7T)
%Gper 1— 7tN/3 _ 6Gper 1—n7N/3 (240)

TN312G,, N/3(1—n)  (N—3)+6Gp 1—7 '

using that Neoe = % + 2Gper, [Nper| = %, and |Noore| = g and the properties of the Binomial
distribution. Therefore,

lim 6H; = P(Dper) lim Ay 4 (1 — P(Dper)) lim Ap (241)
0—0 0—0 0—0
 aN/3 6Gper 1— N/3
T (NZ3)+6Gy 1-7 (242)
and
, _fK=1) s Clacer) f(D T
P APL =" IO e ) Fky @)
_fK=1) | Ny 6Gper 1— N3 &(accp) f(1) 1
TR T TN 46G 1-7 ) R P
_fK=1) | Ny 6G per 1—7N3 E(accp) f(1)
TR T N C3) 1 6G i) Ea) fR) @)

Consequently, limy_s lims_,y ADL; = f 5{1&)1) —1 < 0. Therefore, there exists N such that lim; ., ADL; <

0forall N > N, i.e., such that entities in the core benefit from central clearing.

For g € Nyer and h € Nogpe it is

lim ADL; > lim ADL,, (246)
0—0 0—0
o1 N3 E(weep) f(1) o 2N/3-1 6Gper 1— N3 &(accp) f(1) (247)
1-m & (auc) f(K) (N — 3) + 6Gper 1-m ‘:(“HC) f(K)
1-m (N=3)+6Gp 1—m

IA.33



which holds because

?N/3=1 6Gper 1—alh < nN/?’_lil - (249)
(N=3)4+6Gpy 1—m — 1—m
<1
N/3-1 _ N/3-1,.N/3 _ 2N/3-1
_ T T T < 1-m . (250)
1-m 1-m
O

Example 1. Consider a core-periphery network. Central clearing with loss sharing based on net risk re-
duces the expected default loss in aggregate but not that of peripheral entities for the following parameters:
Gper =1, 1=0.05,N =21, K =10, ayc = accp = 099,0 = oy =1, =03.

Figure 3 illustrates comparative statics varying either the number of market participants, N, or the
systematic risk exposure, B, while holding all other parameters constant to those above. Figure 3 (a) shows
that larger N reduces AADL. Intuitively, a larger market enables more risk sharing and, thus, central
clearing reduces the expected agqregate default loss by more. In other words, central clearing becomes more
beneficial overall. However, the impact of central clearing on an individual entity’s expected default loss
is largely unaffected by N. This is intuitive from the closed-form expressions in Proposition 8. A larger
expected number of defaulters roughly balances a larger expected number of survivors.

Figure 3 (b) shows that a larger systematic risk exposure p reduces AADL as well as each entity’s ADL.
This result is in line with Proposition 5, which shows that larger B reduces bilateral netting efficiency
and, thereby, makes central clearing relatively more beneficial. This effect is particularly pronounced for

peripheral entities because they make larger loss sharing contributions.

Proof. From Proposition 3, the impact of clearing on the expected aggregate default loss is equal

to
(accr) f(1) f(K—1)
AADL = DAC Gt N (251)
E(e) f(K) 158 F(K)
where
N
—— Dewt| _ 3G+ 4o (252)
agg = = = -
Y Gi NG, + N N-316Cm
6Gper 6Gp€r (253)

- 6Gper+N_3+6Gper - 12GPCV+N_3
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in the case of a core-periphery network. The statement follows from setting the variables equal to
the parameters. ]

Proposition 9 (Loss sharing based on net and gross risk).  Consider loss sharing rules based on net
and gross risk, i.e., with § € (0,1).

(a) Assume that 1; =1 € [0,1] forall j =1,...,N. Then, forany i € {1,..., N}, it is aAagL" =0.

(b) Consider an entity with a flat portfolio, ; = 0. Assume that there exist at least two fellow clearing
members a and b, a # b, with portfolio directionality 1, > 0 and 17, > 0. Then,

dADL;

3% > 0.

(c) Consider an entity with a fully directional portfolio, n7; = 1. Assume that there exist at least two fellow
clearing members a and b, a # b, with portfolio directionality 1, < 1 and n, > 0. Then,

dADL; <0
90 '
Proof. From Definition 4 and Proposition 1, it is
wi(8) = 0Gif (1) + (1 = 8)miGif (1) = (6 + (1 = &)m:) Gif (1). (254)
The derivative of w;(6) with respect to ¢ is equal to
Bwi
a5 = A=m)Gif(1). (255)

i DGty
Wi (6)+ 171 .21 (1—Dj)w; (6)

Define by H = the CCP’s default losses per unit of loss sharing weight. The
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derivative of ADL; with respect to J is equal to

OADL; _  f(1) &laccp) 9 Y, DiGit 1
B~ Grf(K) tlaw) 261 F wi(6) + XNy j4i(1 — Dj)w;(5) (256)
_ Q) dlxcer) (e
- LS (a-mGiEL o5
oy [ G + B D-)(l—rmcjfmb o
’ G D)@+ (1= d)) + Ly, (1= D), (0)

_ fQ) Glacer) (4
T rf(K) &(aue) ((1 1) f(DE[H] (259)

B o (1= 1:)Gi + LjLy (1 = D) (1 = 1) G;
S = O T om) + 21— D)6 + (- )G, ) (260)
which is positive if, and only if,
1—771' (1_771)G +Z 1]#1( D])(l_U])G]
sra—om T e A a0 Dy a_ome| Y
1—7; 1, wil0)+XE .0 D;)wj(0)>
Ny E[H] > E | H (1 (@) + £ 1~ Dy (0) (262)
11— B w;(0) +ZN1]7£1(1 ])w](O)
i )m]E[H] > E[H] - E le(a) I 0~ D 0) (263)
w;(0) + Zjlil ji(1 = Dj)w;(0) 1—7;
o w;(8) + L j4i(1 = Dj)w;(9) > Bl =055y o 2oy
w;(0) + iji1 ji(1 = Dj)w;(0) w;(0)
< E Hw,»(&) " E}il,,-#i(l D,)w,0) >E {Hwi(a)} (265)
o F <w1(0)+2] 1]#1( D])w](o) _w,(O)) <0 (266)
w;(6) + Z] 1Hél( — Dj)w;(s) Wi ()
o | D= D)) (i 0)wi(8) — wj<5>wi<o>>] e 067
wi(8) (wi(6) + L, (1 — D)awy(6))
sE|A )i (1 - D;)(w;(0)w;(5) — wj(zs)w,-(o))] >0, (268)
L =LA

I
wi(9) (wi(8)+ 1 4 (1=Dpw;(9) )
From Inequality (268) it follows that:

where we define H =

which is nonnegative with probability one.
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(a) aADL =0ify; =5 € [0,1] forall j = 1,.., N, since in this case

N
E[A Y. (1-Dy)(w(0)wi(6) - wj<5>wi<o>>] (269)
j=Lj#i
N
=S|} (1-D)(1Gui®) ~ (oG @70)
j=1,j#i
N
=f()yE |H ;#.(1 — D) (Gj(6+ (A =8)n)Gif(1) = (64 (1 =6))Gjf(1)Gi) (271)
J=Ly7Ft
—f(1)%(6+ (1—4) % )(Gj—Gy)| =0. (272)
1211#1
(b) aADL’ > 0if #; = 0 since in this case w;(0) = #;f(1)G; = 0 and, thus,
N
E|H Z# (1= Dj)(w;(0)wi(5) — wj(5)wi(0))] (273)
j=1,j#i
N
=E |H ) (1-D;)(f(1)Gwi(s ))] (274)
=i
>w;(8) f(1)E [H (1 — Da)aGa + (1 — Dy)1Gy)] > 0, (275)

where we use that by assumption there exist a,b € {1,..,N}\{i},a # b, with 5, > 0 and
1y > 0 such that P(D, = 1,D, = 0) +P(D, = 0,D, = 1) > 0 implies that P(7 > 0, (1 —
Da)l’]aGa + (1 — Db)I’]bi > O) > 0.

() %2PLi < 0if y; = 1 since in this case w;(8) = (6 + (1 —0))f(1)G; = f(1)G; and, thus,

N
E|H ), (1—D]-)(w](0)wz(5)—wj(é)wi(O))] (276)
j=1,j#i
N
=f(1)GE |H )_ (1-D;)(w;(0) — wj(é))] (277)
j=1j#i
<f(1)G{E [H(1 — D,)(wa(0) — wa(6))] <0, (278)

where we use that by assumption there exist a,b € {1,..,N}\{i},a # b, with 7, < 1 and
7y > 0such that w,(0) —w,(8) = (1a — (0 + (1 = 6)1na)) f(1)Ga = —6(1 —12) f(1)G, < O for all
§ > 0 and that P(Dy1,G, > 0,D, = 0) > 0, implying that P( > 0, (1 — D,) (w,(0) — w,(6)) <
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0) >0and P(h < 0, (1 — D,)(w,(0) — w,()) < 0) = 0.

Ul
Proposition 10 (Loss sharing based on gross risk). Consider two entities g, h, g # h, and assume that
loss sharing is proportional to gross portfolio risk, 6 = 1. Then, the difference in the impact of central
clearing between the two entities is equal to
ADLg — ADL,

_Glacep) f(1) 1 (lE [ YYD
7T

(31)
]G]77] |D 0 Z]‘I\ilD' .
Sauc) f(K) Zjlil(l - Dj)Gf ¢

Gy Dy =0 )

—E

L1 (1-Dj)G;
(a) Conditional on Dy = Dy, the impact of central clearing is the same across entities

ADLgIDg=Dh — ADLh‘Dg Dy,

(32)
(b) Ifng = ny, then

Gy > G, = ADL, < ADL, (33)
(c) If Gy = Gy, then

> 1y < ADLy, < ADL

(34)
(d) Ifh € Neore and ¢ € Npg, in a core-periphery network, then there exists 7t > 0 such that for all
e (0,7) it is

ADLy < ADLy,

(35)

Proof. When ¢ = 1, loss sharing weights are equal to w; = G;f(1). Using Proposition 4, the impact
of central clearing on i’s expected default loss is then given by

apr; = F&-1)

wi(9) &laccp) f(1) 1 Yilaji DiGiy

1 " Ci ‘SMCCP ) f(K) EIE LUZ( )"’ZJ:] 1]]751( ]l]) )w](g)] o 7
_fK-1) | Gif(1) Slacep) f(1) 1 Lj=1,ji DjGj
- fK) Gi (ocucc) f(K)nIE[ Gif(1 )+2]].N:1]J.#(i]1])j)ij(1)] -1 (280)
_ f(K-1) n S(accp) f(1) e Y

f(K) Clawe) f(K) ™ | XN, (1

=1 DGt |Di:o]—1.
1(1-Dj)G;

(281)
IA.38



Consider two entities g, i € {1,..., N}, g # h . Then, the difference in the impact of central clearing
is equal to

ADLg — ADL, (282)

_Glaccp) f(1) 1 (]E [ Lt DiGimy L DG | Dy = O] )

BACO R o B et L B S W TS
N, (1-D)G ¢ 1 (1-Dj)G;

B Slaue) f(K)m

Define by D a Bernoulli distributed random variable with success probability 7 such that D and
D; are independently distributed for all j ¢ {g, h}. With A = N 1j¢{gn} PiGitli = 0 and B =

1
Ly igrem (1= Dj)G; >0

ADLg — ADLy, o83
Glaccp) f(D) 1 (283)
é(“uc-) f(K) 7
—FE DGhT/h~+A _ DGS’?g:i_A (284)
_E -(DGhﬂh +A)(G,+ (11— D)Gg +B) — (DGgiyg + A)(Gg +(1- D)Gh + B) (285)
I (Gg+ (1 —D)Gy + B)(Gy + (1— D)Gy + B)
. [ AD[Gy, — Gg] + D [Gﬁﬂh — G311g + GgG(1 — D) (111 — 11g) + B(Guig, — Ggﬂg)} 256)
B (G¢+ (1—D)Gy+B)(Gy,+ (1—D)Gy + B)
[ - A(G), — Gg) + G2y, — G235 + B(Gypp, — G
_elp (G g) i wlh glg ( h~77h 21g) (287)
(Gg +(1-D)G,+B)(G, + (1— D)Gg + B)
A(Gy, — Gg) + G2y, — G2y + B(Gpipp, — G
R (G 2) 1 gllg (Guitn 21g) , (288)
(Gg + B)(G, + B)
using that
N - 0x(1-0)=0,ifD=0
D(1-D) = _ (289)
1x(1-1)=0,ifD=1

(@) If Dg = 0 and D;, = 0, then Equation (282) implies that the impact of central clearing is the
same for entities  and ¢. Moreover, if D, = 1 and D, = 1, cleared and uncleared default
losses are zero and the impact of central clearing coincides, as well. Therefore, conditional on

Dg = Dy, the impact of central clearing is the same across entities, ADLyp _p, = ADLyp,—p,-
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(b) If 7g = 7y, then Expression (288) is equal to

_ [AGi =60+ [ G~ GE+ B(Gy ~ G) o0
& (Gy + B)(Gy + B) (290)
:G—G A +14,B) +1,(G> - G2
_E (Gn 2)( 1gB) +114(G;, 2 , (291)
(G¢+ B)(Gr + B)
which is positive if G, > G,. Thus, ADL; — ADLy, > 0if G, > Gq.
(c) If Gg = Gy, then Expression (288) is equal to
Gir(nn — 1) + BGy (11 — 113) Gy +B
E | Zh g - - — G.E [ } , 292
T (Gn + B)(Gy, + B) e = 11g) G (Gi + B)? (292

which is positive if, and only if, 7, > 7. Thus, ADL; — ADLy, > 0 if, and only if, 17, > 7.

(d) In a core-periphery network as in Assumption 2 with i € Neore and § € Nper, it is G, =
% +2Gper, Gg = Gyper, 1 = 0, and 77, = 1, and, thus, Expression (288) is equal to

T A(M52 +2Gper — Gper) — Gpor — BGper B Aw — (Gper + B)Gper 293)
(Gper + B) (252 + 2Gper + B) (Gper_Hg)(w_Hg)
Moreover, it is
N
A= ), DGij=Gpr ), Dj (294)
j=1j¢{gh} JENper\{g}
N N —-3+6G
B= ) (-D)G=—73—" ) (1-D)+Gu ) (1-D) (29)
j:1,j$é{g,h} jeMure\{h} jENper\{g}

IA.40



which implies that the nominator in the expectation in Expression (293) is equal to

_ N-3+43G
A :A% — (Gper + B)Gper (296)
N-3+3G
_ GW# D; - G2, (297)
jENper \{g}
N —-3+6G
— Gper % Y, (1-D)+Gpr Y, (1-— D]-)>
JENcore\ {1} JENper\{8}
N —-3+3G
= GPE”( Z (Dj 3 = (1- D]')Gper> (298)
JENper\{g}
N — 3+ 6Gyper
- % ' (1- Dj) - Gper)
jE€Ncore\ {11}
N—-3+6G N—-3+6G
= Gper )y (ng,m - GP”) - % (1-Dj) - Gper)
j€ENper \{8} JENcore\ {1}
(299)
N-3+6G — N-3+6G —
, 3 3 3 3
JENper\{8}
N —3+6G
# D, - GW)
jENcore\{I}
— — N —3+6G —
G N =3+ 6Gper D‘iGNZN 3 + 6Gper N 3—Ger (301)
p 3 ] p 3 3 3 p
je{l . N}\{gh}
=ab —b, (302)
with
N —-3+6G
A= GW% >0, (303)
. 2N—-3 N —-3+46G,y N—3
b= Gper (Gper 3 + . per - 4 Gper> >0, (304)
D= Y. D~ Bin(N -2,n). (305)
je{l..NY\{gn}
We defined = b/4 > 0. Then,
A>0< aD-0>0 < D>d. (306)
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We consider the following two cases:
D > d: In this case, A > 0. Then, using that B > 0, it is

A A

(Gper + B)(N*3*§6Gpgr + B) - Gpm, N*3§6Gp€y .

D < d: In this case, A < 0. Then, using that

N —-3+4+6G —
S %(‘Ncore’ - 1) + Gper(‘Nper‘ - 1) =b > 0/
itis

A A

(Gper +B) (5" +-B) " (Gper + b) (F—5" +-D)
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Combining both cases, Expression (293) is equal to

| AT~ (Gper £ B)Gper
(Gper + B) (F=5°2 + B)
. A -
=n(P(D > d)E |D>d
< (Gper + B) (X225 1 )
i A .
+P(D < d)E - yD<d>
(Gper + B) (2550 1 )
<(~ )]E[A|Dzdj < E|A|D<d|
<n(PO>d—Lto L ipD<d )
GperN 3;6(;,,@, (Gper + D) (N 3+6Gm 4 D)
:n< E [A]
(Gper + b) (=250 4 )
> E|A|D2>d| ) )E[MDEJ}
P(D>d L +1P(D2d>
(Gper + ) (F=572 +) Ger™ 52
< E [A]
(Gper+b)(N 3+6Gpgy E

+0)
=) =)
GWN 3+6Gm (Gper + D) <N 346G yer 1)

| Cor DO 4B - Gy )

Cpor N340 (G 4+ ) (2
:n(( AN=2)7=b . pp>dE [A|Dzai]g~>

N— 3+6Gper +D)
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(310)

(311)

(312)

(313)

(314)

(315)

(316)

> 0. Using Markov’s inequality (note that d > 0), it

(317)



Moreover, it is [E [A | D > cf] <Aa(N-2)— b. Using this in Expression (316) yields that

a(N —2)m — b - oA R
+P(D>d)E|A|D>d ) (318)
( (Gper + B)( N 3+6G,,e, +5) { }8
a(N — 271 b (N-2)m .
W IT g0y ). (319)
( (Gper +B)( N 3+6GW+b) 4 8

=C

When 7t approaches zero, the term inside the parentheses becomes negative:

A~

C— — b <0 for m—0. (320)

(Gper + b) (F=2EC0r 1 )

Due to continuity, there exists 7t > 0 such that for all 7w € (0, %) it holds that 7C < 0. Using
Equality (288), for 7t € (0, ) it is, thus, ADL; — ADL;, <0 < ADLg < ADLy,.

O]

Corollary 3. Consider a core-periphery network and let § € Nper and h € Nope. If 70 is sufficiently small,
there exists 6 € (0,1) such that ADLy = ADLy, for the loss sharing rule w(5) and that ADLy > ADL,
if, and only if, & < 4.

Proof. From Proposition 8, it is ADLg > ADLy if loss sharing is based on net risk, i.e., when ¢

approaches zero. From Proposition 10 (d), it is ADLg; < ADLy, if loss sharing is based on gross

risk (6 = 1) and 7t is sufficiently small. From Proposition 4, it is aAa]z-Lg < 0and % > 0, which

implies monotonicity of the differential impact of central clearing in J, i.e.,

d(ADLy — ADLy,)

3% < 0.

Together with continuity, the statement follows. ]

G Proofs for Section 6 (The CCP’s Objective)

Lemma 2 (Optimal fee). For an optimal clearing rule (F*,6*), defined as the solution to (36) subject to
(37) and (38), the optimal fee is equal to

F* = £ (K)&(aye) min (—ADL;(5*,Q0)), (40)

ieQ)
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where ADL;(6, Q) is the impact of central clearing on i’s expected default losses considering only the set Q)
of market participants, analogously to Equation (20),

E |(1- Di) Cjensnn DLE " + LSCi(6,0) |

ADL;(6,Q) = — p
E (1 Dl)EjEMﬂQDLi]'

~ 1. (41)

Proof. The participation constraint (37) is equivalent to

(1-mF Y |uj| <(1-m) (]E

Y, DLE— Y DLy '~ ). DL{jD (321)

JEN;NQY JEN; JENNQY JENA\Q
—E[LSC;(5,Q)]
S1-mF Y, |vj| <(1-n) (IE |J Y, DLE- Y Dij*l ) — E[LSC;(5,Q)] (322)
JENNQY ieN;:NQ JENNQ
&(1-7)FG(Q) < (1- ) (]E {DLZK(Q) - DLlK_l(Q)D — E[LSCi(5, Q)] (323)
(1-mFG(Q) _ _ ((1-mE[DL(Q)] +E[LSCi(4,0)] 304)
(- mEDLEQ)] = (1~ ME[DLK () - ‘
FGi(Q)
E[DLN Q)] < —ADL;(5,Q)) (325)
&F < —nf(K)Z(auc)ADL;(6,02), (326)

where G;(Q), DLX(Q), and ADL;(5,Q)) are the gross position, uncleared default loss, and impact
of central clearing on the default losses of entity i considering only the set () of market participants.

Because the participation constraint must hold for all i € (), it is

F* <min —7f(K)&(ayc)ADL;(6*,Q) = 7t f(K)E&(aye) min(—ADL;(6*,Q))). (327)

icQ) ieQ)

Since the objective function (36) is increasing in F, the optimal clearing fee maximizes F with

respect to the participation constraints, which implies that
F* = nf(K)C(ocuc)mg(—ADLi((S,Q)). (328)
[AS

O

Proposition 11 (Optimal clearing rule). Consider a core-periphery network. Assume that 7 is suffi-
ciently small, such that Corollary 3 applies. Then, the optimal clearing rule is one of the following:

(A) All entities use central clearing, QO = {1, ..., N}, the loss sharing rule balances the impact of central
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clearing across entities, 6* = 5, and the fee is equal to
Fy = —mé(aye) f(K)ADL1(QY). (42)

(B) Only core entities use central clearing, Q0 = Neore, the loss sharing rule is indeterminate, and the fee
is equal to

Fg = r¢(auc) (f(K) — f(K=1)). (43)

Proof. Entities only differ in whether they are in the core or periphery of the network, but oth-
erwise face the same participation constraints. Let g € ./\/'pe, and h € Nye. Leté € (0,1) such
that ADLg(6,{1,..,N}) = ADL;(5,{1,..,N}) , which exists due to Corollary 3. We rewrite the
objective function (36) as

O=)Y E|1-D;) Y, [vj|F|=01—-mn)FG(Q), (329)
ieQ) JENNQY

where G(Q) = Yicq Ljenina |vi;] is the total gross volume cleared.
Because each peripheral entity trades only with a core entity, it is not feasible that only pe-
ripheral entities use central clearing. Therefore, N C Q. Thus, there are two possible sets of

clearing members QA2

(A) Assume that Q) = {1,..., N}. In this case, all entities use central clearing. Assume that §* < 5.
Then, using Corollary 3, it is ADL;,(6*,Q)) < ADL¢(6%,Q)), and, thus, using Lemma 2, the
optimal fee is equal to

Fp = mtf(K)§(aue) min(—ADL;(67, Q) = —7f (K)G (uc) ADLg (67, Q). (330)
i€
.. ... 9ADL . 7
From Proposition 4, it is —;* < 0, and, thus, for all §* < 4,
200(o* oF% 0ADL,(5*,Q)
) — 1= me@ % = —(1—m) GO (R 22 o )

Therefore, 6* < § is not optimal.

1420 is nonempty by the assumption in Footnote 24.
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Assume that 0* > §. Then, ADL;,(6*,Q) > ADLg(6*,Q)), and, thus, using Lemma 2 it is

F:l = ”f(K)‘:(“uc) min(_ADLi((S*rQ)) = _nf(K)‘:(“uc)ADLh(d*/Q)- (332)

ieQ)

From Proposition 4, it is aAa%Lh > 0, and, thus, for all 6 > §,

90(6%)
30

— (1- G %2 = (1 Waf(R)Ew) G 22D Lo (a3

Therefore, § > 6 is not optimal, and §* = 5 is a maximum. Thus, §* = § maximizes the CCP’s
profit.

Assume that O = Ny,. In this case, only core entities use central clearing. Because core

entities have zero net risk, 5; = 0 for all j € Nore, using Proposition 4, the expected loss
sharing contribution is equal to

YjeNiore,ji D)}
Wi (0) + LjeN, i (1 — Dj)w;(0)

E[LSCi] = (1 — m)¢(accp)wi(0)E =0. (334)

Therefore, for alli € Ny the impact of central clearing on the expected default losses is equal
to

ADLi(6, Noore) = T & _fl()K_ fK), (335)

independently of the loss sharing rule J. Therefore, using Lemma 2, the optimal fee is equal

to

f(K=1) - f(K)
f(K

Assume that the loss sharing rule is 6* € [0, 1]. If any peripheral entity g € Ny, joins the CCP,

Fg = —mtf (K)G(auc) = 7§ (auc) (f(K) — f(K—1)). (336)

the CCP’s expected default losses become strictly positive. Thus,

ADLg(8*, Neore U {g}) > fK= fl()K_ f(K) (337)
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From the proof of Lemma 2, entity g prefers not to use central clearing if, and only if,

— f (K)G(@uc)ADLg (6", Neore U {g}) < Fp (338)
& — 7f (K)&(@uc) ADLg (6, Neore U{g}) < m¢(auc)(f(K) — f(K—1)) (339)
& — ADLg(6*, Neore U {g}) < f(K) ;(fK()K —1 (340)

. f(K—1) — f(K)
SADLg(5%, Neore U {g}) > i . (341)

Therefore, constraint (38) holds for all g € per-
O

Proposition 12 (Curtailing clearing participation). In the setting of Proposition 11, clearing rule (B)
strictly dominates (A) if

(F(K) = f(K~ 1)) Elae) < max {2“4’; >, i} F(1)é(acee) (44)

In this case, it is optimal for the CCP to dissuade peripheral entities from using central clearing. There exist
K < o0 and &, < 1 such that Inequality (44) holds if K > Kor aye > e

Proof. Letk € {1,.., N}. Clearing rule (B) results in a strictly larger fee income to the CCP than
(A) if, and only if,

F3G(Neore) > FAG({1,...,N}) (342)
& 718 (auc) (f(K) = f(K = 1))G(Neore) > =7 (auc) f(K)ADLk(8,{1,.., N})G({1, ..., N}) (343)
ALY ;(fK()K_ 1)G(Ncm) > —ADL(6,{1,.,N})G({1,...,N}) (344)

f(K) - f(K-1) fK) = f(K=1)  w(8)f(1) §(accp) 1
ST O W) 2 Gl N TR Gf ) ) 7] O

f(K) — f(K-1) B _ wi(8)f(1) &(acce) 1
And f(K) (G(MOTE) G({ler}))> G({L/N}) ka(K) g(‘xuc) T

f(K) — f(K-1) _ wi(8)f(1) E(accp) 1
@ T (G N = G(Neor)) < GU{1, . N =E S S (347)

(346)

_ T4k DiGily .
where H = E SO0, 3) | In the following, we use that

wi(8) = 8Gif (1) + (1 = 8)Gupef (1) < Gef (1), (348)
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(1) Let k € Nore. Then, using the properties of core-periphery networks,

H=E [ _ D DiO ] - S e (349)
wi(0) + Zjl\il,j;ék(l — Dj)w;(0) wi(0) + ijil,j;ék(l — Dj)w;(0)
x. DiGrer NG
o !f(l)gﬁzj(glfwl\l}) -~ G N %50
Because k € Nyre, it is wi(8) = 6Georef(1). Therefore, Inequality (347) holds if
F) = FK=1) 61 Ny — G(Noare)) < SCaref (DS (D) lacep) 1 H mCrerG{L - NY) - o)

f(K) Georef (K) Slaue) ™ G({L..,N})f(1)

o 1K) ;(fK()K ~ U (6({1,., N}) = G(Noore) < ‘jf((;))gé‘z‘ofcﬁ) G (352)

f(K) — f(K—1) <2§]Gm+ N N =3+ 6Gper NN—3) 5f(1) &(accp)

=

2N
G (359)

f(K) 3 3 3 3 f(K) &lauc)
f(K) = f(K-1) 5f(1) &(accp)
<~ f(K) 4Gper < f(K) g(“uc) 2Gper (354)
f(K) = f(K=1) . f(1) &(accp)
TR AR ) (359)
f(K) - f(K - 1) g(“uc) éA
TTTFD e "2 (356)
(2) Letk e N, per- Then,
H=E [  StyuDiGm ] _ YNyt DiGper 57)
wi(0) + Zjlil,j;ék(l - Dj)wj(5) wi(0) + Zjlil,j;ﬁk(l - D]-)wk(é)
ZjGNmr\{k} DjGW” %nc;per
E = . 358
- [f(l) YN Gi({1,.., N} G{L...N}f(1) (358)

Because k € per, it is wk((§ ) = Gperf(1). Therefore, it is sufficient for Inequality (347) to hold
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if

f(K) _f(K — 1) o Gperf(l)f(l) C(zxccp) l %TCGPNG({L.N, N})
f(K) — f(K-1) B f(1) ¢(accp) 2N —3
& 70 (G({1,...., N}) — G(Neore)) < K tlw) 3 Gper (360)

f(K) — f(K — 1) N 12Gper f(l) ér(IXCCP) 2N -3

TR 3 3 K e 30" (361)
f(K) - f(K=1) 4N (accp)
- f(1) IN-3 (o) (362)
FK)— f(K=1) &(ay) _2N—3
- f(1) Flaccy) ~ AN (363)
Therefore, the CCP strictly prefers rule (B) over (A) if
(F(K) — (K~ 1)) &(wtue) < max {”L; °, 2} () (ecee). (364)

The LHS converges to zero for K — oo (using Lemma IA.2) and for a,, — 1 (using Lemma IA.1).
Therefore, there exist K < oo and &, < 1 such that the CCP strictly prefers rule (B) over (A) if
either K > K or &, > @&y, or both. O

Proposition 13 (Robust optimal clearing rule). If clearing rule (B) in Proposition 11 is strictly preferred
over (A), then only net-based loss sharing is robust to small perturbations in the following sense:

There exists a sequence (1) eN that converges to 0 and associates with the following sequence of core-
periphery networks:

® Each peripheral entity has the perturbed position Gﬁer = Gper + 1.

* Peripheral entities always centrally clear ny, independently of the clearing rule, and centrally clear
Gper if, and only if, the participation constraint is satisfied.

 Core entities use central clearing if, and only if, the participation constraint is satisfied.

Denote by (F**,5*") an optimal clearing rule for the (-th perturbation. Then, (F*,5*) is a robust optimal
clearing rule for the original core-periphery network if F** — F* and 6** — §* for £ — o,

Proof. Consider clearing rule (B) associated with clearing members 0 = N,y and fee Fz. The
constraint (38) implies for the original network that peripheral entities strictly prefer not to become
clearing members. By continuity, there exists £ > 0 such that constraint (38) holds for all perturbed
networks with £ < /.
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Let ¢ < ¢ and consider the /-th perturbed network. Note that peripheral entities centrally clear

ng but not Gpe,. Lemma 2 implies that the optimal fee is
F*' = —7tf(K)&(ayc)ADLy, (5%, %),

where I € Neope. Proposition 4 (b) implies that the impact of central clearing on a core entity’s
expected default loss, ADLy, is increasing with . Because the CCP’s profit is increasing with the

fee F*, it is optimal to maximize F** by minimizing é. Thus, 6** = 0 and, using Proposition 8,

JM 2N/ 61y 1— N3 &(accp) f(1) 1. (365)

0\ _
ADLy(0,Q"") = f(K) (N=3)+6n, 1—m {(ay) f(K)

Therefore,

fim P = (1 =m0 | L 1] = 5

Therefore, (Fj,0) is the robust optimal clearing rule for the original core-periphery network.
t
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